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Abstract

The conditional gradient algorithm (also known as the Frank-Wolfe algorithm) has recently re-
gained popularity in the machine learning community due to its projection-free property to solve
constrained problems. Although many variants of the conditional gradient algorithm have been
proposed to improve performance, they depend on first-order information (gradient) to optimize.
Naturally, these algorithms are unable to function properly in the field of increasingly popular
zeroth-order optimization, where only zeroth-order information (function value) is available. To fill
in this gap, we propose a novel Accelerated variance-Reduced Conditional gradient Sliding (ARCS)
algorithm for finite-sum problems, which can use either first-order or zeroth-order information to
optimize. To the best of our knowledge, ARCS is the first zeroth-order conditional gradient sliding
type algorithms solving convex problems in zeroth-order optimization. In first-order optimization,
the convergence results of ARCS substantially outperform previous algorithms in terms of the
number of gradient query oracle. Finally we validated the superiority of ARCS by experiments on
real-world datasets.

1. Introduction

In this paper, we consider the following constrained finite-sum minimization problem:

min {f(w) - iZfi(x)} (1)

i=1

where f is (7-strongly) convex and L-smooth, each f; is L-smooth and convex. C C RY is a convex
set. We are particularly interested in the case where the domain C admits fast linear optimiza-
tion. Problem (1) summarizes an extensive number of important learning problems, e.g., matrix
completion (Zhang et al., 2012), LASSO regression (Tibshirani, 1996), and sparsity constrained
classification (Jaggi, 2013). One common approach for solving the constrained problem (1) is the
projected gradient algorithm (Iusem, 2003), which conducts a projection onto the constrained set
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C after a gradient step. However, the projection is often expensive to compute for constrained sets,
for example, the set of matrices whose nuclear norm is bounded by a positive real number.

The conditional gradient (CG) algorithm (also known as the Frank-Wolfe algorithm (Frank
et al., 1956)) and its variants are also natural candidates for solving problem (1). Compared to the
projected gradient algorithm, CG type algorithms solve a linear optimization subproblem to bound
the solution to the constrained set, which does not conduct projection, and solving the subproblem
is much faster than conducting a projection. These algorithms thus have better performance due
to the projection-free property, and they are gaining popularity in the machine learning community
recently. The key step of CG type algorithms can be summarized as follows.

s _ e
v’ = argmax(—g°, z) 2
xS = (1 . ,ys)xsfl + ’YSUS

where s = 1,2, ... denotes the epoch, v5 € [0, 1] denotes the step size. The first line of (2) calls a
linear oracle to solve the linear optimization subproblem and the second line ensures that x° € C
due to the convexity of the constrained set. In the conditional gradient (CG) algorithm, ¢° is set
to be the gradient V f(z*~1).

Formally, we denote gradient query complexity of an algorithm to be the number of calls of gradi-
ent query oracle to achieve e-accuracy, i.e., to get an output « € C such that f(z) —min,cc f(y) <e.
The CG algorithm has a gradient query complexity of O (nefl) for convex problems. Lan and Zhou
(2016) proposed a novel variant of the CG algorithm named Conditional Gradient Sliding (CGS)
algorithm which calls CG recursively in each iteration to solve a quadratic subproblem. CGS has
gradient query complexity of O (ne‘l/ 2) and O (n log (6_1)) for convex and strongly-convex prob-
lems respectively. SCGS, the stochastic version of CGS, which was also proposed by Lan and Zhou
(2016), has gradient query complexity of O (6_2) for convex problems. The stochastic version of
CG was analysed by Hazan and Luo (2016), which has gradient query complexity of O (6_3) for
convex problems. Hazan and Luo (2016) and Yurtsever et al. (2019) respectively combines popular
variance-reduction techniques with SCGS and proposed STORC and SPIDER CGS. The linear
oracle complexity (number of calls of linear oracle) of all these algorithms above is O(e™!). Tt
can be seen that CGS type algorithms outperform CG type algorithms in terms of gradient query
complexity, thus in this paper we focus on CGS type algorithms.

Although the literature is rich, most CGS type algorithms are first-order algorithms, which take
advantage of the gradients to optimize. However, in many complex machine learning problems,
the explicit gradient of the problem is expensive to compute or even inaccessible, e.g., problems
concerning black-box adversarial attacks (Chen et al., 2017), bandit optimization (Flaxman et al.,
2005), reinforcement learning (Choromanski et al., 2018) and metric learning (Kulis et al., 2012).
Thus first-order algorithms are not applicable to these problems. Zeroth-order algorithm is a
promising substitute since it only uses function value to optimize. But zeroth-order conditional
gradient sliding type algorithms for the finite-sum problem are understudied. To the best of our
knowledge, only Gao and Huang (2020) studied the zeroth-order version of SPIDER CGS, but
it is only analysed for non-convex problems. Thus there have not been analyses on zeroth-order
conditional gradient sliding type algorithms for convex problems.

To fill in the gap, we propose an Accelerated variance-Reduced Conditional gradient Sliding
(ARCS) algorithm, which leverages variance-reduction techinque and a novel momentum accelera-
tion technique proposed by Lan et al. (2019). Our ARCS algorithm can be used in either first-order
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Table 1: Comparison of conditional gradient sliding type algorithms solving convex problems. Dy =
O([f(7%) — f(z*)] + L||z° — 2*||?). F indicates that the result is for the first-order case
and Z indicates that the result is for the zeroth-order case. Note that our ARCS is the
first zeroth-order conditional gradient sliding type algorithm solving convex problems. O
hides a logarithmic factor.

. Oracle Complexity
Algorithm
Gradient / Function Query Linear Oracle
CGS (Lan and Zhou, 2016) o(z) o (1)
SCGS (Lan and Zhou, 2016) (@] (}2) @] (%)
SPIDER CGS (Yurtsever et al., 2019) O(n+3%) o (1)
F STORC (Hazan and Luo, 2016) ) (n + 6115) (’)(%)
- ~ D ~
O (n), 623—0 (’)(12)’ e_@
Ours (first-order) - 3?)0 € 3?)
. n 3Dy -, m 0
O(”*ﬁ)’ N AR
- D ~ (1 5D,
O (nd), e > 220 (9(2), e> "2
Z Ours (zeroth-order) ) 5?) € 5%
O(nd—i—d\/n/e), €<TO @(nQ—i—E), e< 22
€ n

or zeroth-order optimization. In first-order optimization, it outperforms all existing conditional gra-
dient type algorithms with respect to gradient query complexity. In zeroth-order optimization, it is
the first conditional gradient sliding type algorithm for convex problems. Since zeroth-order algo-
rithms use function values instead of gradients to optimize, it is natural to consider the number of
calls of function query oracle to achieve e-accuracy when assessing the performance of zeroth-order
algorithms, which we denote to be the function query complexity.

Besides theoretical analyses, we conduct numerical experiments on real-world datasets, and
the results also show the optimality of our ARCS in gradient/function query complexity in both
first-order and zeroth-order optimization.

Contributions. The main contributions of this paper are summarized as follows:

e We propose an Accelerated variance-Reduced Conditional gradient Sliding (ARCS) algorithm.
Our ARCS algorithm is based on the stochastic conditional gradient sliding (SCGS) algorithm
and it leverages the variance-reduction technique and a novel momentum acceleration tech-
nique. We give convergence results of ARCS in zeroth-order optimization. To the best of
our knowledge, our ARCS algorithm is the first zeroth-order conditional gradient sliding
type algorithm addressing the convex and strongly-convex finite-sum problems. Numerical
experiments also show its optimality.

e As a by-product, we give convergence results of ARCS in first-order optimization. Both
theoretic and numerical results confirm that ARCS have significantly improved gradient query
complexities on convex and strongly-convex problems in first-order optimization.
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Table 2: Comparison of conditional gradient sliding type algorithms solving strongly convex prob-
lems. Dy = O([f(2°) — f(z*)] + L||2° — 2*||?). F indicates that the result is for the
first-order case and Z indicates that the result is for the zeroth-order case. Note that
our ARCS is the first zeroth-order conditional gradient sliding type algorithm solving
strongly-convex problems. O hides a logarithmic factor.

. Oracle Complexity
Algorithm - - -
Gradient / Function Query Linear Oracle
CGS (Lan and Zhou, 2016) o <nﬁ> 0 (L)
SCGS (Lan and Zhou, 2016) (@) (%) (@] (%)
STORC (Hazan and Luo, 2016) O (n + %) @ (%)
. ) (O (n),
€ >5Dg/n or n > 3L/4T @<1> 6> LDO
2 ) =
Ours (first-order) & nL € 5?)
R @(n2+%), 6<TO
€ <5Dg/n and n < 3L/4T
(O (nd),
€ >8Dy/n or n > 3L/4T @<12>’ 62%
Z Ours (zeroth-order) 1 nL € 8??
nd+ )’ @(n2+ﬁ), e< =22
€ n
€ < 8Dy/n and n < 3L/4AT

2. Related Works

Conditional Gradient Algorithms. Frank et al. (1956) proposed the conditional gradient (CQG)
algorithm, also known as Frank-Wolfe (FW) algorithm, to avoid projection in solving constrained
problems. Motivated by removing the influence of “bad” visited vertices, Wolfe (1970) proposed
away-step Frank-Wolfe (AFW) algorithm. Goldfarb et al. (2017) proposed ASFW, the stochastic
version of AFW. Lan and Zhou (2016) proposed a variant of CG called conditional gradient sliding
(CGS) algorithm which calls CG recursively in each iteration until a good solution is obtained.
SCGS, the stochastic version of CGS was also proposed by Lan and Zhou (2016). Hazan and Luo
(2016) gave convergence results of the stochastic version of CG, which is called SFW. Also, Hazan
and Luo (2016) combined the variance-reduction technique proposed by Johnson and Zhang (2013)
with SFW and SCGS to get SVRF and STORC respectively. Yurtsever et al. (2019) combined
another variance-reduction technique proposed by Fang et al. (2018) with SCGS to get SPIDER
CGS.

Zeroth-Order Optimization. Zeroth-order optimization is a classical technique in the optimiza-
tion community. Nesterov and Spokoiny (2017) proposed zeroth-order gradient descent (ZO-GD)
algorithm. Then Ghadimi and Lan (2013) proposed its stochastic counterpart ZO-SGD. Lian et al.
(2016) proposed an asynchronous zeroth-order stochastic gradient (ASZO) algorithm for parallel op-
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timization. Gu et al. (2018) further improved the convergence rate of ASZO by combining variance
reduction technique with coordinate-wise gradient estimators. Liu et al. (2018) proposed ZO-SVRG
based algorithms using three different gradient estimators. Fang et al. (2018) proposed a SPIDER
based zeroth-order method named SPIDER-SZO.Ji et al. (2019) further improved ZO SVRG based
and SPIDER based algorithms. Chen et al. (2019) proposed zeroth-order adaptive momentum
method (ZO-AdaMM). Chen et al. (2020) proposed ZO-Varag which leverages acceleration and
variance-reduced technique. Sahu et al. (2019) proposed zeroth-order versions of (stochastic) con-
ditional gradient method. Balasubramanian and Ghadimi (2018) proposed zeroth-order versions of
stochastic conditional gradient method and stochastic conditional gradient sliding method. These
zeroth-order conditional gradient type algorithms mentioned above did not consider the finite-sum
problem (1).

3. Preliminaries

For simplicity, we denote x* def arg mingcc f(z) to be the optimal solution to the problem (1) and
denote || - || to be the norm associated with inner product in R?. First we give formal definitions of
some basic concepts.

Definition 1 For function f : R* — R, we have

o f is L-smooth if f has continuous gradients and Vx,y € R?, it satisfies |f(y) — f(zx) —
(Vf(x),y — )| < §lly —=[*.

o fis conver if Va,y € RY, it satisfies f(y) > f(x) + (Vf(x),y — ).

o f is T-strongly-convex if f(zx) — Z||z|[ is convex, ie., Va,y € RY, it satisfies f(y) > f(z)+
(Vf(@),y— )+ 5lly — =[*.

From Definition 1 we know if f is convex, then it is 0-strongly-convex. Next we give assumptions
that will be used in our analyses.

3.1 Assumptions

A 2 f is conver and each f;,i=1,...,n is L-smooth.
A 3 f is T-strongly-convex with T > 0 and each f;,;i =1,....,n is L-smooth.
A 4 For any x,y € C, there exists D < oo such that ||z — y|| < D.

Assumption 4 is standard for the convergence analysis of conditional gradient type algorithms
(Jaggi, 2013; Lan and Zhou, 2016; Hazan and Luo, 2016). Next we specify the oracles that are used
in our algorithms.

3.2 Oracles

We introduce three oracles called in our algorithm.

e Gradient Query Oracle (GQO): GQO returns the gradient of a given component function at
point z, which is V f;(x).
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e Function Query Oracle (FQO): FQO returns the value of a given component function at point
x, which is f;(x).

e Linear Oracle (LO): LO sovles the linear programming problem for vector u and returns
arg max,ec (u, v).

In this paper, we consider the following two cases:
e First-order Case: We have access to GQO and LO.

e Zeroth-order Case: We have access to FQO and LO.

3.3 Zeroth-order Gradient Estimation

For the zeroth-order case, we only have access to the function query oracle rather than the gradient
query oracle. Then we can utilize the difference of the function value at two close points to estimate
the gradient. Two gradient estimators are widely used in zeroth-order optimization: the two-
point Gaussian random gradient estimator (Nesterov and Spokoiny, 2017) and the coordinate-wise
gradient estimator (Lian et al., 2016). Liu et al. (2018) showed that the coordinate-wise gradient
estimator has better performance than the two-point Gaussian random gradient estimator. So we
only consider the coordinate-wise gradient estimator in this paper, which is defined as follows:

d . —_ —_ .
@coordf('%) = Z f(x i Mel)zuf(x MeZ)ei (3)
=1

where e; is the i-th vector of the standard basis of R? and p > 0 is a smoothing parameter.

4. Algorithms and Analyses

Lan and Zhou (2016) proposed a novel variant of the conditional gradient algorithm named Condi-
tional Gradient Sliding (CGS) algorithm. CGS calls the linear oracle recursively in each iteration
until a good solution is obtained. The idea of CGS can be summarized as follows:

25 =(1 — ag)y* ' + agat!
2* =CondG(V (%), 2°1,0,75,0,75) (Algo. 1) (4)
v =(1 — as)y® ! + aa®

The second line of CGS calls Algorithm 1. In each iteration, the linear oracle is called to produce an

output v; of (10). If the value Vj .y ~,-(ur) < 7, then it sets u™ = u; and returns. Thus Algorithm
1 outputs a solution u™ such that

max(Vh(u®),u” —z) <n (5)

where h is a quadratic function defined as

def T 1
A(@)  |(g,2) + Zllz =yl + 5lle = ul? (6)

6
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On the other hand, if Vg%ymT(ut) > 1, then u; is updated with line search, i.e., upy1 = (1—B)ur +
Bvg, where
By = arg min h((1 — B)us + Buy) (7)
B€[0,1]

Denote u* = arg minyec h(u), from the convexity of h, the output u* satisfies
h(u™) = h(u*) < (Vh(u"),u" —u*) <n (8)

Then it is clear that Algorithm 1 is in fact the standard conditional gradient algorithm (2) mini-
mizing h. In the CGS algorithm (4), we have z° = CondG(V f(z%),2°71,0,7s,0,7s), so h in CGS
can be rewritten as

W) (V) ) + gl — P )

Note that if C = RY, then the minimizer of (9) has a closed form solution and it is in fact an
accelerated gradient descent step. We choose the more complicated form (6) since it gives our
algorithm better performance when problem (1) is strongly convex (7 > 0). When problem (1) is
convex (7 = 0), (6) is identical to (9).

Algorithm 1 CondG Algorithm
1: Input: (g,u,y,v,7,7)
2: Define h(z) d:ef7 [(g,x} + 5z — 3/”2] + %Hm — u)|?
3: Set u; = u.
4: fort=1,2,... do
5:  Let v; be an optimal solution of the subproblem

Vouyryr(ue) = max(Vh(ut), ur — ) (10)

zeC

if Vyuyqyr(u) <n then
Output u™ = uy.
else
Set ug1 = (1 — By)ur + Brop with f; = max {0, min {1, %}}
10:  end if
11: end for

Lan et al. (2019) proposed a VAriance-Reduced Accelerated Gradient (Varag) algorithm for un-
constrained finite-sum problems, which leverages the variance-reduction technique and a novel mo-
mentum technique. Inspired by Varag, we combined variance-reduction technique and momentum
with the conditional gradient sliding algorithm, and proposed our Accelerated variance-Reduced
Conditional gradient Sliding (ARCS) algorithm. The detail of ARCS is described in Algorithm 2.

At the beginning of epoch s, ARCS computes a full gradient § at point #°~!, which is the
solution provided by the preceding epoch. Then the full gradient is used repeatedly in each inner
loop to form a gradient blending G. This is the classic variance-reduction technique proposed by
Johnson and Zhang (2013). Each inner loop maintains three sequences: {z,}, {x:},{Z:}, which is
a novel momentum technique proposed by Lan et al. (2019) and plays an important role in the
acceleration scheme. The choice of the additional parameters {7}, {ps}, {as}, {7vs}, {ns}, {6} will
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Algorithm 2 Accelerated variance-Reduced Conditional gradient Sliding (ARCS) algorithm
1: Input: zo € C, {TS}v {’78}7 {O‘S}7 {p8}7 {et}a {nS,t}
2: Set 70 = 20,
3: for s=1,2,... do

4 Set =i 1and = Yf(:fi), ) // for first-order case
Veoordf(Z), // for zeroth-order case

5. Setaxg=2%"1 Zg=7and T = T}.
6: fort=1,..,T do
7 Pick i; € {1, ...,n} randomly.
8: Set z, = [(1+ms)(1fasf(z;if;;g_a;f)t)—1+(1+ms>psfc}
0 G Vfi,(z,) — Vi, (Z)+ 3, // for first-order case

: t = A ~ - -

Veoord iy (Z) — Veoorafi,(Z) + G, // for zeroth-order case

10: xy = CondG(Gy, Tr—1, T4, Vs, T, Ms,t) // Algorithm 1
11: Ty = (1 — as — ps)Ty—1 + asxy + ps.

12:  end for
13: Set 2° = xp and 75 = 1, (0eZe)/ S, b
14: end for

be specified in our convergence analyses for first-order and zeroth-order case, convex and strongly-
convex problems respectively. First we provide the convergence results of our ARCS solving convex
problems. The proof of Theorem 5 is left in the appendix.

Theorem 5 (Convex) Suppose Assumptions 2 and 4 holds. Denote so = [logn| + 1, set

2s—1 <
Ts = P T= y s =
TSO, S > 80
where Dy will be specified below for two cases respectively.
e For the first-order case, set s = z7—, Do = 4(f(3%) — f(x*)) 4+ 3L||2° — z*||2, we have

N =

; s < 8o 1 Dy _{Zg(as+ps), t<Ts—1

2 ’ ’ ’ s
p—g s> S0 2 sTsL ds t="T,

3Lasg?
3Dg(log S + 2
0(2OSg+1 + )7 S g SO
~S\ ] <
B =160 =Y 4spy(iog s+ 2) oo
n(S —sg+4)2’ 0
o For the zeroth-order case, set vs = ﬁ, Do = 4(f(3°) — f(x*)) + 5L||z° — 2*||2, we have
Dy(1 2 d? °Ld
M-ﬁ-DMIJ 7+2d+'u , SSSO
-8 % 25+1 2 2
E[f(@°) - f(z")] <
80Dy (log S + 2) N S s
n(S — so + 4)2 ’ 0

where A* = 2(S — so + 4)p2Ld + 4(S — so +4) DL/ % + 2d.

8
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Corollary 6 With parameters set in Theorem 5, for convex problems, we have (@ hides a loga-
rithmic factor)
e For the first-order case, the gradient query complexity can be bounded as

(’N)(nlog&) e>(’~)(&)

N = 5
¢Qo (nlogn—l—\/ ) 6<(’) )

e For the zeroth-order case, the function query complexity can be bounded as

@) (ndlog @) , e>0 (%)
Neoo = )
Feo o<ndlogn+d “D0>, e <O ()

e For both cases, the linear oracle complexity can be bounded as

O(%), e>0(5)
Neo =4 = A (D
O(n*+1), e<O()

From Table 1 it can be seen that the known best algorithms with lowest gradient query
complexity for solving convex problems are CGS and STORC, whose results are O (neil/ 2) and
@) (n log (e_l) + 6_3/2) respectively. CGS outperforms STORC when ¢ < n~! and STORC takes
the lead otherwise. But it is easy to verify that the gradient query complexity of ARCS is always
lower that of CGS and STORC. The gradient query complexity of ARCS is O (n log (6_1)) when
€ > 3Dgy/n and O (nlog (n) + n1/2e_1/2) =0 (n1/26_1/2) otherwise. Thus ARCS outperforms all
existing algorithms in terms of gradient query complexity.

However, Theorem 5 (Theorem 7 as well) implies that ARCS has a higher linear oracle com-
plexity than CGS and STORC. To explain this, we make a comparison between ARCS and STORC
since they are both accelerated variance-reduced stochastic conditional gradient sliding algorithms.
For completeness we include STORC and its key theorems in the appendix. The key differences
between ARCS and STORC lie in a) the choice of 7, and ag, b) the choice of {z,}, {z;} and {z;},
c¢) minibatch of stochastic gradients.

To be specific, a) the choice of s and «g contributes most to the difference in convergence
results. We have ay = O(L™1) for each inner iteration in both ARCS and STORC. For each epoch
(i.e., s is fixed), v and o in ARCS are constant while in STORC, « diminish with a rate of O(t71).
This adds to 75, a factor of O(t™!) so that 7, can be chosen O(t) times larger. Thus the linear
oracle complexity is lowered down (the linear oracle complexity is proportional to n;tl from Jaggi
2013). However, this comes with a price. The decrease of « requires a larger minibatch of stochastic
gradients in each inner iteration to lower down the variance. Thus STORC has a higher gradient
query complexity, which becomes even higher than CGS when ¢ < n~1. b) the choice of {z,}, {7;}
and {Z;} leverages the acceleration technique and yields accelerated convergence rates for both
ARCS and STORC. ¢) minibatch of stochastic gradients in STORC is required by the choice of
and ag to lower down the variance of stochastic gradients in the analyses. The points discussed
above also work on CGS. In fact, CGS is a deterministic conditional gradient sliding algorithm and
it a) benefits from choice of 75 and o as STORC, b) maintains similar acceleration sequences {z°},
{z*} and {y°} (see (4)). Next we give convergence results of our ARCS solving strongly-convex
problems.
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Theorem 7 (Strongly-convex) Suppose Assumptions 3 and 4 hold. Denote sy = |logn|+1, set

1
2571 s < s 2 $ < S0
Ts = )y Qs = . n 1
Tso, 8> 50 mm{\/%,ﬁ}, s > Sg
D
ST s < 8o
1 i —(1—as—pg)Ty, t<Ts—1 ()" s> sg and n >
ps - =, 9t = 9 ns,t = snL ’ 0 _g
2 Liq, t =T, L\t
20 §>8g andn <g
snL ’ 0

where ¢, 'y, Dy will be specified below for two cases respectively.
e For the first-order case, set v, = ﬁ,g = %,Ft = (14 7v)", Do = 4(f(@°) — f(z*)) +
3L||z° — z*||%. We have

3Dg(log S+2
Hhilapd 5 < 80
N S—s0 5D (log 5+2
E [f(3%) — f(z*)] < (§)7 7% 2Poloss42), s>so andn >
—(S—
(1+1,/m@) (S—s0) 5Do(1<;lgS+2)7 s>s0 andn < ¢

e For the zeroth-order case, set vs = ﬁ, ¢ = %,Ft = (1 + Tgs
S

5L||z° — z*||2. We have

)", Do = 4(f(3°) — f(a*)) +

5Dg(21;>§_i§+2) Jru‘zL‘ij(dH) 12421, s < 50
) (%)s—so wJFA? §>80, n>¢
~ _ * < _(S—s
E [f(3°) = f(z*)] < 1y T sDy(og s +2)
JrZ 5L T, §>sp,n<g
+ AY

where Al =MLY | qg 21 A = SELAEED | g2y (1 +2 fﬁ)

Corollary 8 With parameters set in Theorem 7, for strongly-convex problems, we have (@ hides

a logarithmic factor)
e For the first-order case, the gradient query complezity can be bounded as

& (o (2)) >0
N, =< . -
GQo O (nlogn + 1/ L log (DO)> , €< (’)(%) andn < ¢

O (ndlog (%)) e>0(2) orn>s

€

N _ i ) n
FQO O(ndlogn+d ”TLlog(DO)>, e<(’)(%) andn <g

ne
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AN ACCELERATED VARIANCE-REDUCED CONDITIONAL GRADIENT SLIDING ALGORITHM

e For both cases, the linear oracle complexity can be bounded as

@(6%), 62(7)(]_)0/71) orn>¢
Nro =

On*+12), e<O(Dy/n) andn <<

From Table 2 it can be seen that the known best algorithms with lowest gradient query or-
acle complexity for solving strongly-conver problems are CGS and STORC, whose results are
@) (nL1/27_1/2 log (6_1)) and O ((n+L27'_2) log (6_1)). CGS outperforms STORC when n <
L3/2773/2 and STORC takes the lead otherwise. But it is easy to verify that the gradient query
complexity of ARCS is always lower that of CGS and STORC. The gradient query complexity of
ARCS is O (nlog (e7')) when € > 5Dg/n or n > 3L /47 and O (nlog (n) + n/2LY27=12]og (e71))
=0 (n1/2L1/27*1/2 log (6*1)) otherwise. Thus ARCS outperforms all existing algorithms in terms
of gradient query complexity. But the linear oracle complexity of ARCS is higher than that of CGS
and STORC, which is discussed after Corollary 6.

5. Experiments

In this section, we validate the effectiveness of our ARCS with experiments on different machine
learning tasks. We conduct two experiments on ARCS and other compared algorithms listed in
Table 1 with five real-world datasets. Specifically, the first experiment is the low-rank matrix
completion task, and the second experiment addresses the sparsity-constrained logistic regression
problem.

5.1 Low-Rank Matrix Completion Problem

In this experiment, we intend to recover a low rank matrix by solving the following matrix com-
pletion problem:
. 2
IX]L<R Z Xij = Yig) (11)
(4,7)€Q

where || - ||« denotes the nuclear norm. Y € R%*92 is a matrix whose elements were partly observed,
and 2 denotes the set of subscripts of observed elements. Following Gu et al. (2019), we use the
low-rank matrix completion problem to achieve image recovery such that Y in (11) is the matrix of
an incomplete gray-scale image !, and the solution X is a low rank matrix of the complete image we
get. Specifically, we choose five images, which are Barbara (512 x 512 pixels), Cameraman (256 x 256
pixels), Goldhill (512 x 512 pixels), Lena (512 x 512 pixels) and Mountain (640 x 480 pixels). To
get incomplete images, we eliminate 30% of the pixels in each of them. Note that for the matrix
completion problem (11) the zeroth-order coordinate-wise gradient estimator (3) happens to be the
true gradient, and the number of function query to construct a coordinate estimator of gradient is
2d times of the number of gradient query to construct a true gradient. Thus the figures of results
for zeroth-order case are exactly the same as that for the first-order case, except that the x-axis is
slightly different. The parameters are set according to Theorem 7 since the problem is quadratic.
For the three variance-reduced algorithms, i.e., ARCS, STORC and SPIDER CGS, we use a mini
batch of 256 and for SCGS, we set the mini batch according to (Lan and Zhou, 2016, Algo. 4) since
a mini batch of 256 leads to poor performance of SCGS. The results are shown in Figure 1, where

1. The gray-scale images can be found at https://homepages.cae.wisc.edu/~ece533/images/

11
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s ARCS ~ wmmns SCGS STORC SPIDER CGS ‘ ‘ x-axis: # of gradient/function query oracle,  y-axis: suboptimality, i.e., f(r) — mingee f(y) |

6 6 6
x10 x10 25 x10 15

«10%

o N & O ©

0 2 4 6 8 0 1 2 3
x10° x10°

(a) Barbara (b) Cameraman (¢) Goldhill

x10° x10°

(e) Mountain

x108

x10"! x101° x10™" x10"! x10'"!

(f) Barbara (g) Cameraman (h) Goldhill (i) Lena (j) Mountain

Figure 1: Low-rank matrix completion problem. (a)-(e) are results for the first-order case and
(f)-(j) are results for the zeroth-order case. The x-axis represents number of gradient
query oracle for (a) - (e) and number of function query oracle for (f) - (j); the y-axis
represents suboptimality, i.e., f(z) — minyec f(y). The curves of the first-order case and
the zeroth-order case look the same since the coordinate-wise gradient estimator equals
the true gradient.

(a)-(e) are results for the first-order case and (f)-(j) are results for the zeroth-order case. It can be
seen that our ARCS outperform all other algorithms compared in terms of gradient/function query
complexity.

5.2 Sparsity-Constrained Logistic Regression
In this experiment, we focus on the sparsity-constrained logistic regression:

n

1
”H”lig =3 — (vilogo(—2"a;) + (1 — ys) log o(2" as))
z||1<r N “
- =1

where o(z) = 1/ (1 + exp(—z)) denotes the sigmoid function, a; € R? denotes the data and y; €
{0,1} denotes the corresponding label. We conduct the experiment on five LIBSVM (Chang and
Lin, 2011) datasets: a9a (n = 32,561,d = 123), ijennl (n = 49,990,d = 22), mushrooms (n =
8,124,d = 112), phishing (n = 11,055,d = 68) and w8a (n = 49,749,d = 300). We set the
parameters according to Theorem 5. For all the four algorithms, we use a mini batch of 256.
The results are shown in Figure 2, where (a)-(e) are results for the first-order case and (f)-(j) are
results for the zeroth-order case. For some datasets, our ARCS is slower than SCGS at first but
outperforms SCGS later. This corresponds to the gradient query complexity presented in Table
1. For the first-order case, the gradient query complexity of ARCS has a dependence on n and
¢ 1/2, while that of SCGS only has a dependence on ¢ 3. At the beginning, € is relatively big, e =3
is relatively small and n is relatively big, thus the gradient query complexity of ARCS is higher
than that of SCGS. When e diminishes, the gradient query complexity of ARCS gradually becomes
lower than that of SCGS.

12
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‘ s ARCS ~ wmmns SCGS STORC SPIDER CGS ‘ ‘ x-axis: # of gradient/function query oracle,  y-axis: suboptimality, i.e., f(r) — mingee f(y) |

o 1 2 3 4 5
x10°

(¢) Mushrooms (d) Phishing (e) W8a

0 5 10 0 5 10 15
x10°

(f) A9a (g) Ljennl (h) Mushrooms (i) Phishing (j) W8a

Figure 2: Sparsity-constrained logistic regression. (a)-(e) are results for the first-order case and
(f)-(j) are results for the zeroth-order case. The x-axis represents number of gradient
query oracle for (a) - (e) and number of function query oracle for (f) - (j); the y-axis
represents suboptimality, i.e., f(x) — mingec f(y).

6. Conclusion

In this paper, we proposed an Accelerated variance-Reduced Conditional gradient Sliding (ARCS)
algorithm for solving constrained finite-sum problems, which combines the variance-reduction tech-
nique and a novel momentum with conditional gradient sliding algorithm. Then We give the
convergence results of our ARCS under convex and strongly-convex setting. Our ARCS can be
used in either first-order (where gradient query oracle is available) or zeroth-order (where func-
tion query oracle is available) optimization. In first-order optimization, it outperforms all existing
conditional gradient type algorithms with respect to gradient query complexity. In zeroth-order
optimization, it is the first conditional gradient sliding type algorithm for convex problems. Finally
we conduct numerical experiments with real-world datasets to show the superiority of our ARCS.
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Appendix A. Fundamental Lemmas

For simplicity, we denote
l(z,2) := f(2) +(V[(2),2 — 2)

ot =Gy — Vf(z,) (12)

+
Ti-1°= 7 T (w1 + TYsy)

With the above notations, we have
Tt — Xy :(1 — O — ps)jt—l + QT + psT — Ly

@ 1 (13)
=0Tt + 1+ 77, [(1 + 775(1 - as))gt - asxt—l] — &y = O‘S(xt - .%'2—_1)

where @ comes from the definition of z; in Algorithm 2.

Lemma 9 For any xz € C, we have

Vs [Lp (g 20) — (24, @)
VsT
2

L+ 7
2

2 1‘1"}/57'
el = —5—

<
o 2

|zt — xz:le — Vs{0, 1 — ) + Ns,t
(14)

|z — =z

1
I = 2l + 5o — a2 =

Proof From Algorithm 2, we have (Vh(x¢),zy — x) < ns; for any @ € C. Observe that h is
(1 + 775)-strongly convex, then we have

14 77

h(a:) = hlx) + —

|z — :ctHz <(Vh(zt),zt —x) < sy, Yo € C (15)
which is

T 1
% [(Grn) + Gl — 2] + 5l = e P

T 9 1 9 14 Ts 9 (16)
<3 [(Gey@) + Zlla = 2] + S e — 21| = =5 o = @l + s, Yo € C
Rearranging the terms, we get
T 2 1 2
% [(Growe =2y + Sllae — ] + Sllae =z
YsT 1 14717y (17)
<Slle = w4 Sl = wall? = =l 2l + s

With the notation of [¢(-,-), we have
(Gr, w0 — ) =(V[(2), o0 — @) + (O, 20 — ) = Up(2y, 2) = Lp(zg,0) + (0, 20 — ) (18)

Also we have
VsT

1
e = 21 + 5l = 2|

YsT YsT 1 1

=Tl = (e, o) + 2l + Sl = (i) + 5 o 1)
1+ 7s7 1 VsT 1

=5l = (4 ) e, o e ) + a4 gl

Q1
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For the term @1, we have

2(1 4+ 757)Q1 =(1 +s7) (Yo7 llz||* + [|z2—1]%)
=57 ||lz|? + Y7 lze—1 ] + (V222 |1? + e ])?) (20)

:’YSTH%?W + ’YsTHfL’t—le — 2957y, T—1) + V5T + xt—l”Q

With the notation of :z::r_ 1, we have

21 +7s7)Q1 = 7y + zea|* = (1 + 77|z, |12 (21)
which is q
+ YsT
Q= Tt (22)

Plugging (22) into (19), we get

1
Ll =l + 5 e — e
I+ 7 1 147 147
>l = (L g (i ) gt P = S )

(23)
Plugging (18) and (23) into (17) and rearranging the terms, we get

s [ (g, ) = Ly (2, )]

T 1 147 14 vs7
<l =@l + Slle = 2ot = =5 e = 2l + 1 — —5 e — 2 P = (6, 21— )
(24)
Then we complete the proof. |

Lemma 10 Suppose f is T-strongly (1 > 0) conver and each ficn) s L-smooth. Conditioning on
T1yeeey Tt—1
e For the first-order case, assume that as € [0,1],ps € [0,1] and s > 0 satisfy

Lagys

— >0
1+ 775 — Losys

1+ 7y — Lasys >0, 1 —as —ps >0, Ds

Then we have

14 775

@)~ f@)] + 5 E [Jlr — ]
ST P) () )+ 2P @) - 1@+ g - el

e For the zeroth-order case, assume that as € [0, 1], ps € [0,1] and 75 > 0 satisfy

dagys L

1+ 7y — Lasys >0, 1 —as —ps >0, Ds >0

- 1+ 775 — Losys
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Then we have

2B (f(@1) - @)+ 5 E o — ]
S’YS(l _O(js _ps) [f(fit—l) _ f(w)] + 'Y;ps [f((i') — f(l')] + %Hx — wt—lH2 + Ns,t
. 6y Ld

- 'Ys(vcoordf(it) - vf(£t)? Ty — 1"> + 1 4 75 — Lagys

Proof Since f is 7-strongly convex and L-smooth, then we have

_ _ L, _
(@) <lp(zy, T) + §Hfl’t —z|?
9 (25)

_ . Lo
(1= a5 =po)ly (e, Ti-1) + asly(zy 20) + psly (2, ) + = [|2e = zt 42

e

where @ comes from the definition of Z; in Algorithm 2. Plugging Lemma 9 into (25), we get

J(@) <(1— s — ps)lg(zy, 1)

-
+as |ly(zy, ) + 5“51‘ —&HQ +

Qs

(14 775 — Lagys) || — xz—fi_—1||2 — as(6t, T — )

s
@ 3 1 1+ 77 2, Nsit
< 1 _ _ _ R _ _ 2 - 7 — Pl
_( Ag ps)f(xt 1) + o f(l’) + 27 HZE Ty 1” 27 ”x xt” + Vs

- (6]
+ pslyp(zy, @) — 2;

(1 + 7Ys — LO‘s'VS) ||xt - xztlHQ - O‘8<5t’ Ty — xt+71> - O‘S<6t’ l‘;rfl - Jj>
(26)
where @ comes from the fact that f is 7-strongly convex. Now we give proof to the first-order and

zeroth-order case respectively.
First-order Case: Using the fact that b(u,v) — al|v||?/2 < b%|u||?/(2a), we have from (26)

S

_ _ 1+
F(@) (1= a0 = p) f(@11) + 0 | @) + gl = | = 24 2
~ QS'YSH&sz + (27)
l — (0. —
+p8 f(gt’x) + 2(1 n s — Las')’s) Oé3< ts Ly '1">
Qe
Using Lemma 18, we can bound ()2 as
. as’Ys||5tH2 + ] { ~ as%||5tH2
E |psls(x,,T) + — a0, 2 —x)| =K |psls(x,, ) +

pdstend) + Ml - o)) =B s d) 4 g
@ ~ Loy ~ ~
<p,l —1
<pslp(@, %) + Fap— (f(Z) =gz, @)

Lagys > ~ Lasys -\ 2 ~
=|\Ps— ly(zy, T) + 7) <psf(T
<p 2(1+77$ _Las’)’s) f( ¢ ) 1+7”)/s —Las’ysf( ) p f( ) ( )
28
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Lasvys

where @ comes from Lemma 18 and @ comes from the assumption that ps — Trre—Las, > Ps —
% > 0 and the convexity of f. Plugging (28) into (27), we get
_ as(1+7
£ |f@) + ST g2
Vs N N (29)
<1 —as —ps) f(Te—1) + asf(x) + ps f(T) + 2 o — 2 |+ —nsy
Vs Vs

Subtracting both sides with f(z) and then multiplying both sides with Z—Z, we get

v _ 1+ 79

—E[f(z) - f(x)] + TSE [l — a¢]1?]

Qs

¥s(1 — a5 — ps) VsPs 1 2 (30)

PO =P p )~ @) + 222 ()~ F@) + e~z +
S S

Then we get the desired result for the first-order case. Next we give proof to the zeroth-order case.
Zeroth-order Case: We can rewrite (26) as

le — @t ]* ~

f(@) <(1— as —ps) f(Te-1) + as {f(x) + ! ﬂ\\x —z||* + 77”]

27s 27s Vs
(1475 — Lagys) ||z — x?_—lH2 — (6 —E[6], 2 — 37?_—1>

- o
+ i) = 5

S

—as(E [515] » Tt — 33:;1> — as (0, xitl — ) (31)
2(1 — a5 = ps) f(Te—1) + s {f(w) +

ol BB
2(1 + 7Ys — Las’Ys)

+ pslf(gta j") +

where @ comes from the fact that b(u,v) — alv||?/2 < b?||ul|?/(2a). Using Lemma 18, we have

L 0|0 — B 5] |2
E | ps )
[p e )+ 2(1+ 775 — Lasys)

@ ~ dasys L ~ ~ 60‘5'Ysu2L2d

<psle(zy, T) + z)—lf(x,, 7)) +

<l (e ) + T (F(8) = U @) + -

( 4aS’YSL ) l ( ~) —'— 40‘3'7811 f(~ GO‘S’VSMQLQd
= — T ’:E xr
Ps 1+ 77vs — Lagys Fit 1+ 7vs — Lagys 1+ 77vs — Lagys
® ~ 6a 2L2d
Spsf(l‘) + 878111’
1+ 79s — Lasys
where @ comes from Lemma 18 and @ comes from the assumption that ps — % > 0 and
the convexity of f. Also we have
E [_as<E [61&] , Lt — «T;F_l) - as<5t7 xj—_l - 37)] = _as<ﬁcoordf<§t) - vf(&t)a Tt — 1L'> (33)
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which comes from Lemma 18. Plugging (32), (33) into (31), we get

_ ags(l+ 7
£ |f@) + ST 0 g2
Vs
- e o
<1 — a5 —ps) f(Tp—1) + asf(x) + ps f(T) + 2 o — 2p])? + — st
Vs Vs
o 6a575ﬂ2L2d

- Oés<vcoordf(§t> - Vf(&t% T = x> + 147795 — LOés’Ys

Subtracting both sides with f(z) and then multiplying both sides with Z—Z, we get

2B (f(@1) - @)+ 5 E [lo - P
S’YS(]. _O(js - ps) [f(jt—l) _ f(x)] + 'Vzéps [f([i‘) — f(x)] —+ %HCE — $t—1H2 + UER
. 6y2p*Ld

- ’75<vcoordf(£t) - vf(gt)’ Tt = 1:> + 1+ 7y — Lagys

Then we get the desired result for the zeroth-order case. Then we complete the proof.

Appendix B. Proof of Theorem 5

(34)

(35)

Lemma 11 Suppose Assumption 2 holds. Denote Ls = 2> + (T — 1)M,RS =2L(1—as)+

s
%Z(as +ps)7 t<Ts—-1
gf, t=1T;

e For the first-order case, assume that as € [0, 1], ps € [0,1] and vs > 0 satisfy

Qs

(Ts - 1)M Set Gt == {

Laosys

— >0
1+ 7vs — Loasys

1+T’YS_La8'78>071_as_p5207 Ds

Then we have
Ts
CELE) - f@)] < RE[FE - 1] + B [ glle =2 = o= | + S
t=1

e For the zeroth-order case, assume that as € [0, 1], ps € [0,1] and vs > 0 satisfy

dagys L

— >0
1+ 77vs — Lagys

1+ 77— Lagys >0, 1 —as —ps >0, Ds
Then we have

Ts
LELE) - )] SRE[£3) = £@)] + 8 [glle =2 = Gllo = 21| + S nes
t=1

6y2p*L2d

+ 7T DpLVd + T,
1- Las’}’s

20



AN ACCELERATED VARIANCE-REDUCED CONDITIONAL GRADIENT SLIDING ALGORITHM

Proof Define

y 6y2p?L%d

A — 0, for the first-order case
- ~Ys{Veoordf(x) =V f(2;), @t — ¥) + 1755 —5.5;> for the zeroth-order case

From Lemma 10, we have

25 (1) - 7)) <20 Pg 1, 0)  sa) + ZEE [ - fa)

(36)
1 9 1 2
+E §||37—=Tt—1” —§||5'3—96t|| +nsp + Ay

Summing the above inequality over ¢t = 1, ..., T, with the definition of 8;, we have

T. T

S SIS ~ ]‘ 1 . -
<[220 a0+ @ - D] BUSE) - F@] 4B |Gl a0l - o= on |+ Soma+ 3o

t=1 t=1

A Qs
(37)
Note that 7° = Zle(etiﬂt)/ Zthl 0;,2° = x7,, 251 = 19,77 = T, the convexity of f and Jensen’s
inequality, we have

Ts
S GE[f(E) - f(@)
t=1
g[Zzu_asH(Ts_lﬂ;ﬂE[f@s-l)—f(x)]+E Sl -2 e -] (38)

Ts Ts
Y YA,
t=1 t=1

Denote L, = 2= + (T — 1)2elastps) o~ (1= as) + (Ts — 1)%2=, we have

Qg

Ts Ts
LELE) - f@)] < RE[@) - 1] + B [gle 2 = o= 2] + e+ 350
t=1 t=1

(39)
First-order Case: Using the definition of A; and (39), we have

Ts
LEUE) - f@)] < RE[FE) - @) +E | gllo -2 = Jla = aP| 4 e (@0)
t=1

Then we get the desired result for first-order case.
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Zeroth-order Case: Using the definition of A; and (39), we have

Ts
LEU@E) - )] SRE[G) - J@)] + | gllo -2 = Fllo = 2] + 3 e
t=1

6422 L2d (41)
—Ys ZE |: coordf xt) vf(gt)’ >] +T m
s
Next we have
=—"s ZE [ Veoordf l't) Vf(@t), Ty = x>}
(42)

@ Ls A @
< Y B | IVeooraf (@) = VH (@) - e = ]| < 7T DuLVd

t=1

where @ comes from Cauchy-Schwartz inequality and @ comes from Lemma 16 and Assumption 2.
Plugging (42) into (41), we get

~5 s—1 1 s—112 1 5112 <
L) - f(@)] SRE[F3) - f(@)] + B [glle — 2 = Gllo = 2] + 3o

(43)
6v2u2L2d
+ Y TuDuLd + Tyt h =%
1 — Lagys
Then we get the desired result for zeroth-order case. Then we complete the proof. |

Proof | of Theorem 5] We give proof to the first-order case and zeroth-order case respectively.
First-order Case: Lemma 11 implies

Ts
LEU@E) - f@)] < RE[FE) - @) + B | gllo -2 = gla =] + S (@0
t=1

Summing the above inequality over s = 1,...,.S, and set * = 2* = argmin,¢¢ f(x), we have

L6E [f(75 |+ z R E[f(Z) — f(a”)

S Ts

SRIE[f(:%O)—f(x*)]+E[;Hx*—:p0H2 fll* SP]+ZZnst

s=1t=1

Next we prove L5 — Rsy1 < 0 forall s =1,...,.5 — 1. When s < sg, we have a1 = a; = %,%H =
Vs> Ps+1 = Ps = %>T8+1 = 2T, thus

Lo—Rup1 = 78+<T 1)”8(%”8)‘[%ﬁ(l—aﬁl)ﬂn“—l)%“m]
Oés Oé5+1 a8+1

Vs

— [1 + (Ts = 1)(as +ps) — (1 — a) — (275 — 1)ps] =

aS S

[Ts(as — ps)] =0
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2 1 1
When s > sg, we have as = s—so+4> Vs = 3La,  Ps+1 = Ps = §>Ts+1 = Ts, thus

Lo=Ropr =2 T (T — 1)%(% t2s) | 2ot (1= agpr) + (Topy — 1) LE2PoHL
Qs Ast1 Q41
:k = (1 =) + (T - 1) [%(O‘S Tr) 78“1)3“} (47)
Qg Q541 Qg gyl
1 n (Tso —1)(2(s —so+4) — 1) -
12L 24L -

Thus L —Rsy1 > 0for s =1,...,5 — 1. Note that Ry = 3% Plugging this inequality into (45), we
get

S—1
LsE [f(3%) = f(a*)] <LSE [f(3%) = f(@)] + D (Ls = Rer1) B[ (&) — f(a")]

S T
=, * 1 * *
SRUE[F@) ~ £(a)] 48 |3la" =P = gl oI | 4 DY e (49
s=1 t=1
2 1 S Ts S TS
<37 [f(jo)*f(ﬂf*)]+§||$* 0|\2+ZZnst_67+Z Ns,t
s=1 t=1 s=1 t=1

where @ comes from the definition of Dy that Do = 4(f(3°) — f(x*)) + 3L||z° — *|2.

o If S < sp, then L, = 2;—21, we have
S Ts
. X Dy
s=1 t=1
With the choice of 7, we have
S T
> Dy(log S + 1
zznsmz < oSt (50)
s=1t=1
where @ comes from Y, % <logn + 1. Plugging this inequality into (49) we get
~ " 3D0(10g S + 2)
E [f(xs) - f(z )] < T 95+ (51)
o If S > sg, we have
1 1
Lg = 1+(Ts—1)(048+*)
3La2 2 (52)
_(S — 50+ 4)(Ts, — 1) N (S —s0+4)%(Ty, + 1) O (S—s0+ 4)%n
B 6L 24L - 48L
where @ comes from T}, = 2l°g2+1=1 > 1, /2 Then we have
E [f(5%) ~ f")] €~ 4 > (53)
~ n(S —sp+4)? —50—1—42 —
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With the choice of 75, we have
S T
. Do log S+1)
Yy Do DlE Y

s=1t=1

Plugging this inequality into (53) we get

< 48Do(logS + 2)
— n(S—sp+4)?

Then we get the desired result for the first-order case.

Zeroth-order Case: From Lemma 11, we get

L) - f@)] SRE[£5) = £@)] + 8 |gllo -0 = Gllo - 2] +Znst
2,212
+’ySTDuLf+T167L7Ld
— LOsYs

Summing the above inequality over s = 1,...,.S and set x = 2* = arg min,¢¢c f(x), we have

S—1
LsE[f(@%) = f(@")] + D (Ls — Rer1) E[f(Z) — f(z7)]
s=1
1 S Ts
<RIE [f(3%) = f(a")] +E[2Hx*—w0u2 3l SIQ] 2L e
s=1t=1

2 2L2d
~I—Z%T DMLW+ZT

1 — Lagys

Next we prove L3 — Rs41 <0 forall s=1,...,.§ — 1. When s < 59, we have

Lo Rapr =2 [1 F(Ty = D)0 +ps) — (1 — ) (275 — D)ps] = 2= [Ty(as — ps)] = 0
S
When s > S0, OTZ = 5L1a2 — (5725824)27 we have
Lo— Ry =2 T (T — 1)%(% o) [%H (1 —ast1) + (Top1 — 1)78“]98“}
OZS OZS+1 as+1

:E _ Tl (1 —ast1) + (Ts, — 1) [%(as +tps) ’78+1ps+1:|
g Agt1 Qg Qst1

_ 1 N (Tsy —1)(2(s —sop+4) — 1) >0
20L 40L

24
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Thus L5 — Rsy1 > 0 for s =1,..., 5 — 1. Plugging this inequality into (57), we get

LsE [f(#%) — f(z%)] < LsE [f(@%) — f(a*)] + 2 (Ls = Rsy1) E[f(Z) — f(a7)]

50 * 1 * 02 * S 2 5 & 6')/52/L2L2d
<SRAE [f(2°) — f(z")] + E 5“»’6 e *H | ‘f‘ZZﬁst—FZ’ySTD,uL\f-i—ZTTM
s=1 t=1 s /s
2 5 & 67 2L2d
Sﬁ [£(@%) = f@)] + 5l 0||2+ZZTlst+Z%TDuLf+ZT Dsp A
s=1 t=1
@D S T \/» 753M2Ld
ST ;;Ust—i-Z%TDuL +ZT
S Ts

10L +ZZnst+Z%mﬂLw+zT Vs 3# Ld

s=1 t=1

where @ comes from the definition of Dy that Dy = 4(f(2°) — f(2*)) + 5L||2° — z*||%.

o If S < s, thenﬁS:QE—zl,aS 2,75—5L We have

E[f(z°) - f(ﬂc*)]

DO S TS (61)

<5572 25+2 25+1 Z Z Ns,t + D,UJL\[ + 3,[1,2Ld
s=1t=1

With the choice of 7, ¢, we have

>

s=1 t=

T S
al DO 10gS+ )
1778,t<ZSL _— (62)

Plugging this inequality into (61) we get

E [f(&%) — f(z")] < W + DuLNd + 34°Ld (63)

o If S > sp, then L — Ry =15 > 0 for s > sg, and 22021 25—1 — 9% _ 1 < 2n. We have

1 1
Ls= 1+ (Ts — 1) (s + 5)
5LaS 2 (64)
(S —s0+4)(Ts, — 1) N (S —s0+4)%(Ty, +1) g (S —s0+4)%n
B 10L 40L - 80L
where @ comes from Ty, = 2llg2nI+1=1 > /2 And
S 50 os+1 S 3 3
Vs 2 so+4 198 n(S—so+4) n(S —sp+4)
T, = TS0 gs-t £ 21 <
2 Ty =2 5L T Z =507 20L - 10L
= s=1 s=so+1
(65)
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where @ comes from Y i ;4> <n3. And

S S
1 vs _ n(S —sp+4)3
Ls < = Ts— < ————— 66
;7 282_; ) 20L (66)
Thus
8D SOL S &
E[f(z° ] < 0 st +8(S — NDuL
[f(l’) f(x)]_n(S—so+4)2+n(S 80+42§:1;77t+ 30+) :u‘\/>

+12(S — s + 4)p*Ld
(67)
With the choice of 7, ¢, we have

ZZnst<Z Do logS+1) (68)

s=1t=1

Plugging this inequality into (67) we get

- 80Dy (log S + 2) 9
E[f(&%) - f(z*)] < — 4)DpLVd +12(S — 4)pu*Ld
[F@%) = F@)] < Trg Ty T8(5 — s+ YDULVA +12(S — 5o + )y (69)
Then we get the desired result for the zeroth-order case. Then we complete the proof. |

Appendix C. Proof of Theorem 7

Theorem 7 is a direct result of Theorem 13, Theorem 14 and Theorem 15. First we give a refined
version of Lemma 10.

Lemma 12 Suppose Assumption 3 holds. Conditioning on x1,...,xs_1
e For the first-order case, assume that as € [0,1],ps € [0,1] and s > 0 satisfy

Laosys

1+T’YS_LQS’78>07]‘_C¥S_}75207 ps_l—kT’y—Lowy >0
Then we have
Vs _ 14+ 77,
oTE [f(z¢) — f(x)] + E[Hm—%’tHQ]
75(1 — Qs — ps) _ VsPs - 1 2
<=0 2P (g, ) )+ 222 [1@) — F@)] + e — e+

e For the zeroth-order case, assume that as € [0, 1], ps € [0,1] and vs > 0 satisfy
dagysdL

1 — L 0, 1-— — >0 — 0
+ T agYs > U, Os —Ps =2 U, Ds 1+ 775 — Lagys >

Then we have

Vs B 14+ (1—c¢)7ys 9

R (@) - )]+ I o

s

75(1 — 05 — ps) _ YsPs ~ 1 2 ’78/~L2L2d 6732/~L2L2d
< 1) - - “ |z — 2
<2020 (1) — g+ 2 (1(0) - @] + gl = i+ g+ 2T O
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Proof For the first-order case, the result is the same as that in Lemma 10. Now we give proof to
the result of the zeroth-order case. From Lemma 10 we have

BB (/@) - fla)) + 5 E [lo - wl]
ST P) () )+ 2P @) - @+ ezl e (70)

. 6y3u*L2d
- 75<vcoordf(£t) - Vf(gt)’ Tt = .%'> + 147795 — LCV57$

From b(u, v) — &||v[|* < %Hu”2 we have for ¢ > 0

2 CT7s Vs e
_78<vcoordf(£t> - vf(it%wt - (IZ> - ) th - ‘THQ < 267_choordf(£t> - vf(it)Hz (71)
Plugging (71) into (70), we get
Ys _ 14+ (1 —c)mys
g (@) — f(a) + IR [
s(1 —as —ps _ sPs ~ 1
U0 ) 1) )] + P (@) — S+ Sl e
Vs - 9 6v2u2L3d
E coor 2t) T 2 2
+ B [ Veooraf (@) = V@] + 25— (72)
@ 78(1 — O — ps) - VsPs ~ 1 2
<V 0 [, ) — f@)] + (@) f@)] + e = el e
Vsp?L?d 6v2p*L2d
2ct 1+ 7vs — Lagys
where @ comes from Lemma 16. Then we complete the proof. |

Theorem 13 Suppose Assumption 3 holds. Denote sy = |logn| + 1. Suppose s < sg, set

{TS}’ {a5}7 {pS}’ {778,75}7 {et} as

_ 1 1 Dy Dy —(1—as—p)Ty, t<T,—1
T, = 2571 = p.== — 0, — ;
s , Qg 27 Ds 27 Ns,t STsLy t {

where Do, 'y will be specified below for two cases respectively.
o For the first-order case, setys = ﬁ,rt = (14 77)", Do = 4(f(2°) — f(z*)) +3L||z° — z*||?,
we have

E[f(5) - fa")] < 200512

e For the zeroth-order case, setys = Tlas,l} =(1+ Tgs)t,Do = 4(f(2%)— f(a*))+5L ||z —2*||?,
we have

5Dg(log S + 2) n p2L2d

E[f(#°) - f(a")] < 551 o +3u’Ld
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Proof We give proof to the first-order case and zeroth-order case respectively.
First-order Case: We have oz = p; = %,'ys = 32L,T = 2571, Summing up Lemma 12 for
t=1,..,Ts, we get

T < 1 Ts o
> LE[fE) - @) + GE lar, - 2l?] + 30 52 e - |
# t=1

1 . (73)
VsPs ~
<T; [f(z) —f<95)]+§H370—95H2+Z775,t
s t=1
From the definition of &% #5~!, %, 25!, the fact that g—z = 3L’ the convexity of f and Jensen’s
inequality, we have
T,
4T8 ~5 1 s 2 4TS ~s—1 1 s—1 2 -
_ - _ < _ Z _
o BU@) — £ + 58 (I = ol <7 (1) = 0] + 5l =l + 3
(74)
4T571 ~s—1 1 s—1 2 =
=S @) - f@)] + e = 2l 4D
t=1
Summing up (74) for s =1, ..., S, we get
AT 1 P 5 &
SSE[SGS) — f@)] + 5B [l2° — alP] < o [FE) ~ f@)] + 5l —al?+ 3> mee (75)
s=1t=1
Set x = z*, we get
E [f(.fs) _ f(.%'*)] + £E [HxS o .%'*”2] < f(:%o) — f(.%'*) + 3L ||5U0 _ x*HQ Es:i
8T = 2Ty 8Ts Ly 2ot
(76)
With the choice of 7+, we have
S T. S
- Dg Do(logS +1
ZZns,tszsg( = ) (77)
s=1 t=1 s=1
Plugging this inequality into (76), with the definition of Dy and T, = 2571, we get
- « - N 3L . 3Dy(log S + 2
E[f%) ~ 1] SE[f@5) ~ 1) + 0B [ - at?] < 20BSFD

Then we get the desired result for the first-order case.
Zeroth-order Case: We have ay = p; = %,'ys =2 T, =21 Summing up Lemma 12 with
c=1fort=1,..., T, we get

Ts

s _ 1
> CEU @) ~ @) + Gllar, — al?
- 272 2 (79)
TP () - £+ o — ol 4D g 4 T 7, 80

t=1
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From the definition of #°, 271, 2%, 2°~!, the fact that g—z = 5L , the convexity of f and Jensen’s
inequality, we have
AT Loy 1
S ~s\ ) s _ 2 < - =) - _ 2
SLEVE) — F@]+ 5B [ls* —alf] < 32 7Bl @) - f@)] + gler, —]
T,
2 s 1 1 5 p?Ld 6ud
ST — 5T st + T T 80
<52 U@ - £@) + gl ol + Y+ BEE+ 1K (50)
T.
AT ~s—1 Losa1 2 - p*Ld 6p>d
= 5L [f(x )—f(w)]+§H$ — x| +;ns,t+Ts5T+Ts 5
Summing up (80) for s =1,...,.5, we get
4T . 1
7 E [£(&°) - f(fﬁ)] +5E [l — 2|*]
S T, (81)
4T} . pu’Ld 6u2d
<22 (1) - f(@)] + m|r2+zznst+ZT ZT
s=1 t=1
Note that T, = 2571, Setting = = 2*, we have
E[f(#%) - f(z")] + oLy [z — 2]
8Tg
s T 272
1 ~0 * 5L 2, 5L p-L7d 12
s=1 t=
S T
@ DO S 9
SQS+2 QS+1 ZZ”S“L +3 Ld
s=1 t=1
where @ comes from the definition of Dy. With the choice of 7, ;, we have
S T
= Do 10g S + 1)
ZZ%t<ZsL—— (83)
s=1 t=1
Plugging this inequality into (82) we get
- . - 5L .
E[f(2°) — f(a*)] <E[f(Z°) - f(a*)] + STSE (2% — 2*|?]
(84)
5Dg(log S +2) p?L%d 5
< 9511 5 + 3u”Ld
Then we get the desired result for the zeroth-order case. Then we complete the proof. |

Theorem 14 Suppose Assumption 3 holds. Denote sy = |logn| + 1. Suppose s > sg, set

{TS}7 {a5}7 {pS}’ {778,75}7 {9,5} as

1
To=Te=2""", as==, ps = 5, Nt =
s S0 , Qg 27 Ds 27 775715 Ft_l, ‘= TS

—s0—1
L G Dy, [T - (1 —ag—p)ly, t<Ti-1
snL P
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where Do, 'y will be specified below for two cases respectively.
e For the first-order case, set vs = 3%%, Ly = (1+717)", Dy = 4(f(2°) — f(x*)) 4 3L||z° — z*||?
for s > sg. Suppose n > %, we have

e For the zeroth-order case, set s = ﬁ, Iy =(1+ TJS)t , Do = 4(f(3%) — f(a*))+5L|2° —z*||?

for s > sg. Suppose n > %, we have

&=
=
—
ISl
\_E/Q
|
=
8
*
.
IN

4> 57% 5Dg(log S + 2)
n

ot

+ 18u2Ld

5

4\ 770 8Dy (log S + 2) N 5p2L2d
n T
Proof We give proof to the first-order case and zeroth-order case respectively.

First-order Case: We have ay = ps = %7% = % Note that for the first-order case, we have
f = f. From Lemma 12 we have

LR/ [f(z) - )] +

Qg

LT (o - wi)2] < S [f(@) — f(@)] + %Hx —aal*+ e (85)

Multiplying both sides of (85) with 6, = 'y = (1 +77,)" ", we get

208 [f(a0) — )] + S [lo = oel?] < L0, 17@) - f)] + 5>

Qs

lz = @e—1]1* + O (36)

Summing up (86) for t =1, ..., Ty, we get

Ts Ts
s 11Ts 1
5 D OE[f(@) — fla)] + 5 E [llzz, — z||] Zet )]+§||wo—x|!2+29ms,t
5 t=1 t=1
(87)
Since we have
©)
FTs:(l—{—T’ys) (1+T’y)50>1+7"yST >1+ 3—22% (88)
where @ comes from the assumption that n > %. Then we get
Ts
0,F IE - < BENTOR[f(3,) - Ing — z|?
e SB[ - £+ B [lon, o1 ) < 2 SSOE (S50 — ) + SBE [lor, - ol
8 1=1 S =1
y T 1 T
< SO IF@) — F@)] + ko — 2l + Y O
5 t=1 =
(89)

From the definition of &%, %!, z* z°!, the fact that 2=
inequality, we have

=3 L, the convexity of f and Jensen’s

5(2 0 L e

4<3LE[f( )= 1)+ 3 E H]) "
l i,s—l 1 s—1 2 Zt QtnSt

<7 V@)~ 1) + g™ el + 25
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Applying the inequality recursively for s > sg, we get

B (I — ]
S—s0 +1—k:3L Ti 0,11 ¢
<(3) 7 (v - s B at) e 3 (1) R

k=s0+1
3L S0 2
+ Tso —$H +

where @ comes from the choice of 7, that

ZS: AR SL ST O ZS: A\ 3 (VT 3Dy(log S + 1)
25" 6, 5 0= 13 on 0
k=so+1 t=1"t k=so+1

DyD,

57% 3Dy (log S + 1)
2n

IN©
7 N
Ot o
~—

[95)

&
/:
=
&

3
S~—
|

=
&

=
Ut o~

and ZtTil 0y > Ts =Ts,. From (75) we have

3L
AT,

S0 __ x*HQ

E[f(@*) - f(z")]

<2 (E [FE*) — )] + B —x*u2> < 3Do(log s +2)

8T%, 250

Plugging (92) into (91), setting = = z*, we get

~S\ * 3L S L x(2

<E [f(#°) — f(a")] ST E[||lz° — 2" ]

4\ 50 3L 4\ 7% 3Dy (log S + 1
<(3)  (v@m-sens glen o)+ (3) PR DD,
- (4)5‘50 (3D0(log30 +2) , 3Do(log S + 1)D0)

5 250 2n
2 (4)380 <3D0(log S0+ 2) N 3Do(log S + 1)D0> < <4> 5750 5Dy (log S + 2)

b n 2n n

where @ comes from the fact that 2°° > n. Then we get the desired result for the first-order case.
Zeroth-order Case: We have a; = p; = %7% = 52L’T = T,, = 2%~1. Setting ¢ = % in

Lemma 12, we have

TYs
LB [f(@) - f(@)] + 5 2B [l - o)

(94)

VsPs o~ 1 9 ysp?L2d 6v2u?L2d
< _ - _ B
Qs [f($) f(x)] + 2 H.%' o 1” tilst T + 1477, — La373

~ 1 2124 3u2Ld
<TPs [ £(3) — F(@)] + 2 llw — oa]|? + ey + L 4 T8 2K
g 2 T g 2
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Multiplying both sides of (94) with 6; =T;_; = (1 + T;S)t_l, we get

Vs _ r
L0 [f(2) - f(@)] + B [z — ]
° 95)
s 5 r suL2d s 3u’Ld (
<o F@) = F@)] =5 = w4 O + 0TS
Summing up (95) for t = 1,..., T, we get
s Ts B FTS )
1S OB (@) — f(@)] + 2 [Jor, - o]
g Oyspi®L2d & 3u2Ld )
Vs Vsl Vs oM
<o D Olf(@) - m]ﬂm—m+2ﬂm+zt DI
S t=1 Qs
Since we have
s TYs\T. TVs TYs N ™ © 5
T =(1 — (14 5T >4 D > =14 -— > 97
r=(1+ ) =0t ) 2l S5, 2 14 5 g =14 gp 2 g 67)
where @ comes from the assumption that n > 5 . Then we get
5 (25 S 0B (2 — )+ L8 [fer, — ol
4\ 20, =™ ! g LT
Ts
Vs _ I'r,
<D ORI (@) ~ (@) + 5 E [[lar, — 2]’ (98)
S t=1
Vs & et’YSMZL d I s 3M2Ld
§20[ th[f( ) — f@)] + *HxO—CUH +29mst+z Zet T

From the definition of #° #5~!, 2, 25!, the fact that g—z = 5L, the convexity of f and Jensen’s
inequality, we have

> (52LE F@E) — F@)) 4+~ E [[lo* - wll21>

23702, 0 (99)
2 s 1 . S0 0msy | 202Ld | 6ud
< [F@ETH - f@)] + =l — P+ S +
5L 2> .00 >l 0 5T 5
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Applying the inequality recursively for s > sg, we get
5L g 9
E[[lz” — 2]

E [f(7%) - f(x)] + ST g
t=1 Yt
S—sg
(4) ([f(i“S“) )+ 425759||x80 - x||2>
t=1Y%

5
5N 5L Gy

+ Z = T +
5 2> 2,6

k=so+1
(3 (e - s+ e —ae)

<
2L%d
i SMQLd) (100)
.

5
S—s
4 °5(logS +1 4p2L2d
+ <5> 5((%2—’_)1)0 H + 1242 Ld
n

T, - =
5 2.5, 60 Mt 5 2kn 5 2n

where @ comes from the choice of 7, that

k=so+1
and
S 4 S+1—k 4 1
5 11
k=so+1 5
and ZtTil 0y > Ty = Ts,. From (84) we have
~S * 5L s * ~s * 5L s *
BU@H) - £+ B [l - ='1?] <2 (BUGH) - £ + B [l - 1P
! Dy(1 212%d K (101)
2
<? 0(02%5” ) 4B L6 Ld

Plugging (101) into (100), setting x = x*, we get

S—so 2712
Dy(1 +2 L

42 L? 4
YrLd(d +4) +1242Ld
T

250
(102)

) - 1)) < (5
>S—so 5(log S + 1)D0 +

4
+ <5
5750 8Dy (log S + 2) N 5u2L2d +18:2Ld

@ /4

< —

_<5> n T
|

where @ comes from the fact that 2°¢ > n. Then we get the desired result for the zeroth-order

2n

case. Then we complete the proof.
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Theorem 15 Suppose Assumption 3 holds. Denote sy = |logn| + 1. Suppose s > sg, set

{Ts}Aps} {ns,e}, {0} as

T. =T, =2%"1 = - =
s S0 y Ds s Ms,t snl thl, f— Ts

1 s—spg—1
1 (FTSO) DO 0, — {Ft—l_(l_as_ps)rt7 tSTS_l
y UVt —
2

where Do, 'y will be specified below for two cases respectively.

e For the first-order case, set oy = \/57,7s = ﬁ,rt = (1+77)", Dy = 4(f(2°) — f(z*)) +

3L[|z° — 2*||? for s > so. Suppose n < 3%, we have

nT —(5—s0) o
s - s (i) PR

e For the zeroth-order case, set as = /T, s = 5Tlas7rt =(1+ %)t ,Do = 4(f(@%) — f(z*)) +
5L||z° — x*||? for s > sg. Suppose n < %, we have

—(S—s0)
E [f(aZ'S) _ f(l‘*)] < (1 + i\/g) SDO(IOTgZS-FQ) + <M2f2d +6M2Ld> (1 +8\/§>

Proof We give proof to the first-order case and zeroth-order case respectively.

First-order Case: We have oy = g—z,ps = %,fys = \/ﬁ,TS =T = 2%~1  Note that for
the first-order case, we have f = f. From Lemma 12, we have

v _ 1+ 7y

=R [f(Z) - f(2)] + —5—F [||lz — 2]

Qs

¥s(1 — a5 — ps) VsP 1 2 (103)

S S S — SIS ~
<BEZQ ) [z, ) — fa)] + 2 [fE)  f@)]+ e — el + e
S S

Multiplying both sides of the above inequality with I';—; = (1 + Tvs)tfl, we get
Iy

LD [f(@) - f@)) + 5B e - al]
78(1 — O — ps) _ VsPs - I'i—q 2
< o P [f(@e-1) = f@)] + - _—Tea [f(@) = f@)] + <~ llo =zl + Teanse
(104)
Summing up the above inequality for ¢t = 1, ..., T}, using the definition of 6;, we get
’78 < = FTS 2
o Z@E [f(Ze) — f(2)] + 7E ([T, — /%]
=1 (105)
Vs & 1 2 &
< [T as Pt D Tia| [f(@) = fa)] + g lzo =l + > Tians
? t=1 t=1
From the definition of #°, #5~1, 2%, 2°~!, the convexity of f and Jensen’s inequality, we have
Vs < ~S FTs s 2
TS GE(F(E) ~ ()] + -2 (e~ ol]
=l (106)

T T

s o 1, . -

<o [1 o= ps s Zru] [F@ N = f@)] + 5l = a3 Lo
s = t=1
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From the definition of ;, we have

Tu Toy—1
Zet =I'r, -1+ Z (Fi—1 — (1 — a5 — ps)Ty)
t=1 t=1
sy
:FTSO (1 —as—ps)+ Z (Fi—1 — (1 — a5 — ps)Ty) (107)

t=1
Ts,

:FTSO (1 - Qg — ps) + [1 - (1 - O _ps) (1 + 7—75)] Zrt—l
t=1

Since Ty, = 2°0~! < n, we have
nr TsoT \/TSOn
=4/—=> = > T. 1
s V%_¢3L T\ gprp = T 0 (108)

1—(1—as—ps) L+ 77s) =1+ 77) (s — 775 +ps) + 7'2’}/52

Then we have

)
> (14 77s) (775Tso — Ts + Ps)

=ps (1 +77s) (2(Ts, — 1)7ys + 1) (109)

@ T
>Ds (1 + 7_73) °0 :psFTS

where @ comes from (108) and @ comes from the fact that (1+a)® < 1+ 2ab, for b > 1,ab € [0, 1].
Plugging (109) into (107), we get

Ts Tsq
Zet > I‘TSO 1 — Qs — Ps +psZFt—1 (110)
t=1 t=1

Plugging (110) into (106), we get
Ts,

S ~S 1 K]
Pr, | 2 [1=as—po+p. Y Tit | E[fE) = f(@)] + 5E [[l2* - ]/’
5 t=1

(111)
~ Ts 1 Ts
< |1-as—ps+ps ZFu] @™ = @] + Sl =2l + Y Teoama
$ t=1 t=1
Since we have
o al YeDs Ysp
S l-as—pstpsy Tea| === ) Tea 2 =T, (112)
Qs t=1 Y 13 &s

Dividing both sides of the above inequality with I'r, = [1 — g — ps + Ps ij’l Ft_l} , we have

Qg

E [||lz* — ]

a WSy, (1)
< () (@) = r@) + 2 [l — 2] ) + (e | 2 Lot
’YSTSO

FTSO Vs ZtTi1 | P
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Summing up the above inequality for s > sq, setting x = x*, we get

as
'VSTSO

E [f(&%) — f(=")] + E [|2® — 2*||]

S—so S S+1-k T
U s * Qg il Ty ,
s(é) (1@ - 1@+ 2 (e o)) + 2 <F1> 200, S0 T

T.
50750 k=so+1 \ 1% s 221 L

o S S+1-k T,
2( 1 ) (176) - s+ o e =] ) + < L ) 20 ST Ty 1

I'r,

Ts
k=so+1 \" 150 QLD ety YA
(114)
where @ comes from the fact that % =nr < %. From Theorem 13 we have
. . 3L .
E[/(@%) ~ f@)] + o E [l — o]
S0
(115)
3L © 3Dy(1 2
<2 E[f(i’so)—f((l}*)]—i- E[Hxso _‘r*H2] < 0( 0og S + )
8T, 250
where @ comes from (78). With the choice of 7, ;, we have
S S+1—-k S S—s
S ( 1 ) 200 D Deomes g ( 1 ) S
Ts -
k=so+1 I'r, s 21 L1 k=s0+1 b, o (116)
S—
( 1 ) " 2(log S + 1)
=\t Dy
TQO n
Plugging (116), (115) into (114), we get
1\ 3Dy (log 0+ 2) 1\ 7 2%log S + 1)
E[#(5) — f(2*)] < o(log so og D
1) — f(a)] < (rTS()) o (o 5=y
S—s0 (117)
of 1 5Dg(log S + 2)
- FTSO n
where @ comes from 2% > n. From the definition of I'r, , we have
X TYsT 1 /n7
Ir, =1 +7v)70 > 1+ 79Ty, > 1+ 25 =1+54/37 (118)
Plugging (118) into (117), we get
—(S—s0)
1/ 5Dg(log S + 2

Then we get the desired result for the first-order case.
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Zeroth-order Case: We have oy = g—z,ps = %,fys = \/ﬁ,Ts =T = 2%0~1  Setting ¢ = %
in Lemma 12, we have
v ~ 1 + Ts
LE[f (@) - f(@)] + — 52 E [l - 2]
S
75(1 — Qs — ps) _ YsPs - 1 2
< [f(Ze-1) — f(2)] + [f(@) = f(@)] + Sz — zeal]” +ns
as as 2
272 2,272
L sk L“d i 6ysu”L=d (120)
T 1+ 77vs — Lagys
Ys(l —as —p _ VsP ~ 1
=08 2P 1z, 1) — f@)] + 222 [1(@) — F(@)] + ik — weoall® + s
as as 2
n ysp? L2d n Vs 3uLd
T Qg 2

Multiplying both sides of the inequality with T'y—y = (1 + Tgs)t_l, we get

Lr B (@) — £@)] + o2 [l — ]

Qg
s(1 —as — ps - st’s 7 I
U0 P (@) — )]+ 2T () — @]+ 5 e~ mal? + T
<2 L2d s 3u’Ld
+Ft—1L+Ft 1%‘ ,u2

(121)
Summing up the inequality for t = 1, ..., Ts, using the definition of 8;, we get

& i Iy )
7297515; [f(z0) — f(2)] + QSIE [llzr, — 2]
t=1

T, T,
<o (1 — s~ pa+ s Zrt_l) @) = @)+ gl — =l + 3 Teame (122

212 & 3u2Ld
+Zrt 1’75:“ +Zrt 1’75 ) /‘2
t=1 t=1 &s

1 ,.5 ,.s—1

From the definition of % 2°7*, z° x°~" and the convexity of f, we have

T,

1S OE[F) ~ f@)] + LB [l — o)

Ts Ts
<X (1—% P tps Y To ) @) = F@)] + gl =P+ Ty (123)

t=1 t=1

T.
212%d - 3u?Ld
+ZF*1%M +ZFt 1’)’5_ M
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From the definition of ;, we have

Ty, Ty —1
Z 0+ :FTsofl + Z (Ft—l - (1 — Qs — ps)rt)
t=1 t=1
TSO
:PTSO (1 — O — ps) + Z (Ft—l - (1 — O — ps)rt) (124)
t=1

:FTso(l_as_ps)+[1_(1_a3_ ( T%HZB 1

Since Ty, = 2°0~! < n, we have

nrT Te,T S T T
g = 4 /57 > 582 \/W T/ Tsgn > 7ysTs, > 52 50 (125)
Then we have
Ts TYs TVs 7—2’732
1_(1_a5_p5)(1+ 2 >:(1+ 2 )(O‘SH’S_ 2 >+ 4
@ T7s Ts TYs
> (1 ) (—T 7>
= ( + 27_ 9 180 + ps % (126)
—pe (1+ ;) <1+2(T50 1) ;)
® v\ Ts
>ps (1 + ;S> ’ = psFTSO

where @ comes from (125) and @ comes from the fact that (1+a)® < 14 2ab, for b > 1,ab € [0, 1].
Plugging (126) into (124), we get

TSO TSO
Z 0 > I_‘Ts0 1 —as—ps+ps Z Iy (127)
t=1

Then plugging (127) into (123), setting x = z*, we get

Ts
B (78 [1 T m TR ] BUG) - £a))+ 5E [Ie* - x*\|2]>

o
s t=1

T. T.
S o 1 _ S
as [1 — Qs —Ps+Ds E I‘t 1] f(xs 1) - f(x*)] + 5”51;8 T x*HZ + E Ft—lns,t (128)

t=1 t=1

T,
2L%d - 3u*Ld
+ZF*1%M +Zrt 1%. M
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Denote a = a5 = \/57,p = ps = %,’y = = \/5711? Rearranging the terms and summing up the

above inequality for s > sg, we get

T,
T hi—a—ptpY T | E[FG) - £@)] + 5E [Ia® — ]

t=1
< 1 >S—50
< P
> PTS

S SJrl*k Ts Ts 212 Ts 2

1 vy L*d v 3uLd

—_— T | I'i_1—~-

+ E (FT> ( t177k,t+§ =1 +E =1 5
k=so+1 s t=1 t=1 t=1

Tsy
—a—ptpY Toa| [FE) ~ f@)]+ gl — | (129)
t=1

QR

Since we have

Ty, Ty,
14 P
g 1—a—p+pzrt—1 Z%Zn_lzwas(’ (130)
=1 =1

Plugging (130) into (129), we get

‘ -

S—so a
f j’:SO _f x* +
) e s
S S+1-k Ts 272
1 2 Iy 2op°L4d
n Z <) Oézt?ll t 177k,t+ ap —|—3/J,2Ld
Y21 T T

o~ 2 )

(131)

® /1 \%% a
<|— 750 * + 150 — p* 2:|
(&) |v@n - s e -
1\°7 301 1 1 [204°L?
p (L) T AleeS WL | 3L
1_‘TS FTso_l

where @ comes from the choice of 7, that

T
FTS v Ztil | k=so+1 n

k=so+1

and

s 1\ Stk 1
O e
I'r, I'r, —1

From (84) we know

. 5Dg(logsg +2)  p?L%d
—z*)?] < s + o 3 Ld (132)
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From the definition of <, and the assumption that n < %, we have % =5La? =nt < %. Thus
we get

E[f(z%) = f(2™)] +

a S0 __ %2
Bl =]

s N 5L s .
<2 (B - 1]+ SB[l - 27 7)) (133
2712 212
§5D0(102g:0+2)+,uLd+6 2Ld<5D0(10g80+2)+,uLd
5 T n T

where @ holds since 2°° > n. Plugging (133) into (131), we get

E [f(2%) — f(z")]

+ 6u°Ld

S—s0 272 272
1 Dy(1 2 L*d 1 2ap?L?d 134
<(= BDoos 5 +2) | 1wl y2ra] + Wl yopg 1Y
I'r, n T I'p, —1 T
From the definition of I', , we have
Ty TN @ nr
rr, = (1 7) 21+ 2T, 21+ 0 21 135
Ty + 5 -I— > 1+ 1 + i\ 5L (135)
where @ comes from the definition of . Then we have
1 5L 15 1 fnr) O
— <44/ — d | =— 1 136
Ir, =17 Vor’ o <FTS> < i 5L) (136)

Plugging (136) into (134), using the definition of «,~y, we get

E [f(@%) - f(z*)]

—(S—s0) 272

1 Dy(1 2 Lad 5L 137

<(143/0x 8Do(log §+2) (1L g 214) [148,/2E (137)
4\ 5L n T nrt

Then we get the desired result for the zeroth-order case. Then we complete the proof. |

Appendix D. Auxillary Lemmas

Lemma 16 (Coordinate-wise Gradient Estimator) For all z € C, we have
[Veooraf (@) = VI (2)|* < u?L2d

Proof See [Ji et al. (2019), Appendix, Lemma 3]. [ |

Lemma 17 Suppose each fic[n) ts L-smooth, for any z,y € C, we have
E [V fi(z) = VLEW)®] < 2L (f(x) = fly) = (VI(y),z —y))
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Proof Denote ¢;(z) = fi(z) — f(y) — (Vf(y),x —y). It is easy to verify that ¢; is also L-smooth.
Clearly Vo;(y) = 0 and hence mingec ¢i(x) = ¢i(y) = 0. Then for o € R, we have

¢i(y) < min{g;(z — aVei(z))}

o2 (138)
< min {ox(a) = al V) + “5- IV | = 6uta) = 57 IVon(a) P

where @ comes from the smoothness of ¢;. Rearranging the terms and using the definition of ¢;
we get

IV fi(z) = Vi()l® < 2L (fiz) = fily) = (Vfi(y), 2 — ) (139)

Taking expectation with respect to i, we get

E [IIVfi(z) = VE@IP] < 2L (f(x) = f(y) = (Vf(y),z —y)) (140)

Then we complete the proof. |

Lemma 18 Suppose each ficjy) is L-smooth. Conditioning on x1, ..., x1—1

e For the first-order case, we have

E[6] =0
and
E [|16: = E[6] |I] < 2L[f(Z) — f(zy) = (Vf(z,), T — zy)]
o For the zeroth-order case, we have

E [515] = Vcoordf(&t) - vf(&t) 7é 0

and

E[[l6: —E [0 [I'] < 8L (f(&) = fla) — (Vf(2,), 7 — ) + 120> Ld

where the expectation is taken with respect to all variables.

Proof The part for the first-order case is proved in |Lan et al. (2019), Lemma 3|. Now we give a
proof to the zeroth-order case. For the zeroth-order case, we have

E [5t] =E [ﬁcoordfit (&t) - @coordfit (i') + f] - vf(ﬁt)

N

. (141)
=E [vcoordfit (lt) - vf(@t):| = vcoordf(gt) - vf(@t)

41



WEI, Gu AND HUANG

Then we prove the upper bound of E [||d; — E [§] [|?]. We have
E (6 — E[5] I”] < E 67
=E |[| (Vi (21) = Vie(@) — [VF(@e) = VIE)]) + (Veooraia (@) = Vfir(y)
~ (Veowrais(@) = V(@) + (Veoora (#) = V(@) ) IP]
SB[V, (2) — V£ (@)~ [V () = V@] + Veonafi (20) — Vi) (142)
[V eoorafie(®) = Vi @)+ [Veooraf (&) = V@]

®
<AE [V, (z,) = Vi (&)

2] + 124°L%d
S8L(F(&) — Flw) — (VF(ap) & — 2)) + 124212

where @ comes from E [||z — E [z]|]?] = E [||z|?] — E 2> <E [|lz]|?], @ comes from the Cauchy-
Schwarz inequality, ® comes from E [||z — E[z]||?] < E [||z]|*] and Lemma 16, ® comes from
Lemma 17. Then we complete the proof. |

Appendix E. The STORC Algorithm

In this section. we include the STORC algorithm proposed by Hazan and Luo (2016) and its key
theorems for completeness.

Algorithm E.3 STOchastic variance-Reduced Conditional gradient sliding (STORC)
1: IHPUt: o € C, {TS}7 {/}/s,t}v {as,t}y {ns,t}
2: Set 70 = 29,
3: for s=1,2,...do
4. Setxg=7%9=2=2""'and §= V(%)

5 Set T = Ts.

6 fort=1,...,T do

7: Pick Z; C {1, ...,n} randomly with |Z;| = mg+

8 Set z; = (1 — e )Tp—1 + Q4241

9: Set Gy = m%t >ier, [Vfilzy) — Vfi(Z) + 9]

10: xt = CondG(Gy, x¢—1,0,7st,0,mst) // Algorithm 1
11: Ty = (]. — as,t)jt—l + Qg 1%t

12:  end for
13:  Set ° = Zy.
14: end for

Theorem 19 ( 2 of Hazan and Luo (2016)) With the following parameters (where Dy is de-
fined later below):
2 t 2D?
Ast = —— Vst = 55 Ts,t = 3Ts
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Algorithm E.3 ensures E [f(a%s) — flz")] < 2L£1 if any of the following three cases holds:
(a) Vf(x*) =0 and Ds = D, Ts = [25/%72], mg; = 900T.
(b) f is G-Lipschitz and D, = D, T, = [25/2%2], ms ¢ = 7007 + %[()Hl).

LD> [, /3L
L=

56007 L
7251 T ~|7 ms,t = =.

(c) f is T-strongly conver and Ds = -

From the following proof (especially (146)), we can see clearly how the decrease of ag; helps
lower down the linear oracle complexity and raise the gradient query complexity.

Lemma 20 ( 3 of Hazan and Luo (2016)) Suppose 0 < Dy < D is such that IE [llZo — z*)?] <

D2. For any t, we have E[f(Z;) — f(z*)] < % ifE[|Gr — Vf(zp)]?] < T (kH)Q for all k < t.

Proof Since f is L-smooth, then we have

L
f(@) < lyp(xy, T¢) + 5”971: -zl

La?
(1 — s )y (2g, Tro1) + splp(zy, @) + st (V@) 20 — 2*) + =2

e

—z)?

2
(67

IN®

(1 — s e) f(Tp—1) + asef(2") + as i (V f(2y), 20 — 2%) +

2
@y — 2o )P 4 s g (O, a* — 24

La
:(1 — as,t)f(:i‘t_l) + Odsﬂgf(l'*) + Oés7t<Gt,.1‘t — .%'*> +

® _ o o
<1 —ast) f(Ze—1) + s f(2") + Vs’t Nst — ,ys’t (xr — w1, 2 — 27)
s,t s,t
9 (143)
Lasvt 9 .
5 |ze — xe—1]|” + s (O, ™ — x)
— * « * *
:(1 - Oés,t)f(l”t—l) + Oés,tf(l” ) = lt77st + (||517t—1 - ||2 - ||93t - X H2)
s,t
as7t 1 2 *
+ 5 Lo — 5 e — 21| + 26, x4—1 — T¢) + 2(6¢, ™ — 24—1)
s,t

@ * a * *
<1 = asp) f(Zp—1) + s f(2") + s’tﬁs,t + 5 %! (||»’Ut71 - ||2 — ||z — = H2)

s,t s,t

2<5t, SC* — l‘t1>:|

o [ Toell

+
2 1-— Las,t’)/s,t

where @ comes from the definition of z; and z;, @ comes from the convexity of f, ® comes from
Line 10 of Algorithm E.3, @ comes from the fact that b{u, v) — al|v?/2 < b%||u|?/(2a). Note that

E [(6;, 2* — 24-1)] = 0. So with the condition E [||&]?[|]] < % def o? we arrive at

E[f(z:) — f(z")]
<(1 = as )E[f(Zr-1) — f(a")] (144)

1 1 9
+ ot Ens,t + e ([E [thil _ x*HQ] _E [||=’17t B 3’3*”2]) L . Vs,t0%

)
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Now we define I't =T'y_; (1 — a5¢) when ¢ > 1 and I'; = 1. By induction, one can verify I'; =
and the following:

E[f(z¢) — f(z")]
t
Sl—‘t Z C;f’k |:'71778 k
k=1 5

+
k T 2k

_2
CS))

0.2
(E [”l’k—l - ;U*H2] .y [ka _ x*H2]) + Vs,kO :| (145)

2 (1 - Las,sz,k)

which is at most

t 2
Qg ks 1 Vs, kO
Ft E > I: 775k+ 2 k :|

— Tk [k 2(1 - Las kvys,k)
= (146)
Iy as 1 ( A k Ag k—1 ) 112
+ = To— T + g : E|||xpg—1 —x
2 Ell I Yorlk  Ysp—1Tk-1 I I

2

Finally plugging in the parameters o i, Vs k, 7s,k, L'k and the bound E [Hfo — a:*\|2] < D? concludes

the proof:

i 2LD2 LD? 3LD?2 8LD?2
E[f(z) - f(a" Sk ) e

t+1 ) & s(k+1)]  tt+1) = t(t+i) (147)

1

In (146), the factor before 1 1, is —— , which is O ( ) Thus 1, + can be chosen O (t) larger, which

leads to lower hnear oracle complex1ty However, the factor before the variance O']% is 7y, k, which is
(@) (k) Thus o7 has to be O (k) smaller. From (Hazan and Luo, 2016) we know o7 is proportional
to m—st Thus ms, has to be chosen O (t) larger, which leads to higher gradient complexity.
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