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We propose general non-accelerated! and accelerated tensor methods under inexact information on the
derivatives of the objective, analyze their convergence rate. Further, we provide conditions for the inex-
actness in each derivative that is sufficient for each algorithm to achieve a desired accuracy. As a corollary,
we propose stochastic tensor methods for convex optimization and obtain sufficient mini-batch sizes for
each derivative.

Keywords: high-order methods; tensor methods; inexact derivatives; convex optimization; stochastic
optimization

1. Introduction

The idea of using the derivatives of the order p higher than two in optimization methods is known
at least since 1970’s [30]. In numerical analysis it was used much earlier, see the student work of
P.L. Chebyshev [12] and more recent reviews [20, 48]. Despite theoretical advantages, the practical
application of such tensor methods was limited until the recent work [40] since each iteration of
such methods includes minimization of a polynomial with degree larger than 3, which may be non-
convex even for convex optimization problems. As it was shown in [40], if the minimization problem
is convex, then in each iteration of the tensor method it is sufficient to minimize a convex polynomial,
and, for p = 3, this can be done with approximately the same cost as the step of the cubic-regularized
Newton’s method in the convex case [43]. This leads to a method with faster convergence rate than
that of the accelerated cubic-regularized Newton’s method, and with approximately the same cost of
each iteration. These ideas were further developed to obtain accelerated versions of tensor methods
[24, 41] and very fast second-order methods [32, 41, 42].

At the same time, many optimization problems in machine learning or image analysis have the
form of minimization of a finite sum of functions and are solved by second-order methods [46, 52].
A more general setting,for which the finite-sum setting is a special case, is the setting of general
stochastic optimization, for which second-order methods are also developed in the literature [49]

IThe results for non-accelerated methods first appeared in December 2020 in the preprint [1].
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for non-convex problems. Tensor methods for such problems are also developed, but with the
focus on non-convex problems [6, 35]. Thus, motivated by the lack of results on tensor methods for
stochastic convex optimization, in this paper, we study stochastic convex optimization problems and
develop tensor methods for this setting. We do this by a more general framework of Inexact Tensor
Methods, which use inexact values of higher-order derivatives. First, we analyze such methods under
a particular condition on the inexactness in the derivatives, and, then, we show how to satisfy this
condition in the setting of stochastic optimization and propose a stochastic tensor methods for
convex optimization.

1.1 Problem Statement

We consider convex optimization problems of the following form

%161%{1% f(x) (1)

under inexact information on the derivatives of the objective f up to order p > 2. We are motivated
by two particular cases of this problem in the stochastic optimization setting, which we refer to as
online and offline settings. In the online setting we assume that f(x) is given as

f(x) = Eewp[f (2 6], (2)

where the random variable £ is sampled from a distribution D, and an optimization procedure has
access only to stochastic realizations of the function f(x;&) via its higher-order derivatives up to
the order p > 2. In the offline setting the function f has finite-sum form:

Fa)= 3" i) 9
=1

with available derivatives of the order p > 2 for each function f;. Clearly, the offline setting can
be considered as a particular case of the online setting if we set ¢ to be uniformly distributed over
i =1,...,m. At the same time, we distinguish these two settings since the analysis of the proposed
methods in the second setting can be made under weaker assumptions.

1.2 Related Work

1.2.1 Second-order methods

Beyond first-order methods, the most developed methods are maybe second-order methods, among
which the closest to our setting are cubic-regularized Newton’s methods originating from [43]. This
line of works includes the development of accelerated methods [36, 37, 39], extensions of trust region
methods [8-11, 14], methods with inexact evaluations of gradients and/or Hessians [5, 17, 28, 50]
with application to stochastic optimization in the online and offline settings. We especially point
to [28] which largely inspired our work. Stochastic second-order methods for convex optimization
[29, 33, 46] and non-convex optimization [44, 49, 51, 53] have been extensively studied in the recent
literature. The difference with our setting is that these works consider a particular case of p = 2.
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1.2.2 Tensor methods

To distinguish the general methods that use the derivatives up to the order p > 2, we refer to them
as tensor methods. The idea of such methods was proposed quite long ago [30], and accelerated
tensor methods for convex optimization were proposed in [4]. Recent interest to this type of methods
in convex optimization was probably motivated by the lower bounds obtained in [2, 3]. In [40], it
was shown that appropriately regularized Taylor expansion of a convex function is also convex,
which leads to implementability of such methods that minimize this regularized Taylor expansion.
Accelerated tensor methods were also proposed in [40], yet with a remaining gap between the upper
and lower complexity bounds. In the same paper, the author also shows how tensor methods with
p = 3 can be implemented by solving the auxiliary problem with the Bregman projected gradient
method in the relative smoothness setting. Near-optimal, i.e. with optimal up to a logarithmic
factor iteration complexity, tensor methods for convex optimization were recently proposed in a
number of works [7, 21-26, 31, 41]. These developments allowed to propose faster second-order
methods via implementing third-order methods with inexact third derivative [32, 41, 42], which
lead to an improvement of the complexity bound from O(s~/3%) to O(¢~/%). Stochastic tensor
methods were developed for non-convex smooth enough problems in [6, 35]. We are not aware of
an analysis of tensor methods for stochastic convex smooth enough problems.

Our analysis is based on inexact versions of tensor methods for convex optimization, which
use inexact derivatives of the order up to p > 2. First-order methods with inexact gradients are
well-developed in the literature, see, for example, [13, 15, 16, 18, 19, 27, 45, 47] and references
therein. Some results on inexact second-order methods are listed above. The paper [41] proposes
an analysis of third-order method for convex optimization with inexact third derivative. In [6] the
authors analyze inexact tensor methods for non-convex optimization. The general theory of inexact
tensor methods of an arbitrary order p for convex problems still has to be developed and we make
a step in this direction.

1.3 Owur contribution

Motivated by stochastic optimization methods, we propose and analyze inexact tensor methods of
the general order p > 2 for convex optimization problems. The idea of these algorithms is to use
inexact values of the derivatives up to the order p and to construct a regularized inexact Taylor
expansion. More precisely, we assume that inexact derivative G, ; satisfies the following condition
(see Condition 1 below):

|(Gayi = V' f(2) [y — 2] < Silly — 2],

for all y and some é; > 0, and ¢ = 1,2,...,p. Based on the p-th order inexact Taylor polynomial
we build Inexact Tensor Model and use it to construct Inexact Tensor Method and its accelerated
version. For the Inexact Tensor Method, we obtain the following convergence rate result:

far) - fz) <O (Z b
i=1

L
max |z —z*||'+ =£ max |z —z*||PT ],
L (w0) TP zer(xo)

where £'(z¢) is defined in (22), L, is the Lipschitz constant of the p-th derivative, and T is the
iteration counter.
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For the Accelerated Inexact Tensor Method we obtain the following convergence rate result:

p
% > 0; * i L *
fler) — f(z") <O (513 + Z Tl = @oll* + Tpil % — $0||p+1> ;

where R is defined in (59). Based on the above convergence rate estimates, we obtain conditions
on the inexactnesses d;, ¢ = 1,2, ..., p of the derivatives that are sufficient for the proposed inexact
methods to have the same convergence rate as their exact counterparts.

As a corollary, we propose stochastic non-accelerated and accelerated tensor methods for stochas-
tic convex optimization problems in the online and offline settings. The idea of the algorithms is to
sample in each iteration mini-batches of derivatives up to the order p and use them to construct a
regularized inexact Taylor expansion. Using Hoeffding Tensor concentration inequality, we estimate
mini-batch sizes for each derivative that are sufficient for the whole method to achieve accuracy
¢ in the same number of iterations as the exact method requires. For the non-accelerated method
these mini-batch sizes are O (5_2(1”“_“/”), 1=1,2,...,p and for the accelerated method they are
O(e7%) for i = 1 and O (6_2(1’+1_i)/(1’+1)), i = 2,...,p. Interestingly, the higher is the derivative
order, the smaller batch size turns out to be sufficient.

We also consider a particular case p = 3, for which, in the spirit of [40], we describe how to
implement the resulting inexact tensor methods.

1.4 Paper Organization

The remaining part of the paper is organized as follows. In Section 2, we introduce main notations
and assumptions. Then, in Section 3 we present an inexact tensor model of the objective function,
prove its convexity, and show that it majorizes the objective function. Section 4 is dedicated to the
Inexact Tensor Method itself and its convergence rate analysis.

Next, we introduce and analyze the Accelerated Inexact Tensor Method in Section 5. In Section 6,
we discuss some implementation details. Finally, in Section 7 we apply the general inexact methods
to introduce Stochastic Tensor Methods.

2. Preliminaries
We denote the i-th directional derivative of function f at x along directions s1,...,s; € R" as
Vif(:n)[sl, s ,Si]-

For example, V f(z)[s1] = (Vf(z), s1) and V2f(x)[s1,s2] = (V2f(x)s1, s2). If all directions are the

same we write V' f(x)[s]’. For a p-th order tensor T, we denote by ||T|| its tensor norm recursively
induced [9] by the Euclidean norm on the space of p-th order tensors:

17l {IT[s1,- -, spll},

= max
lsall=--=llspll=1

where we denote by |- || the standard Euclidean norm. Throughout the paper we make the following
assumption.
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ASSUMPTION 1 Function f is convex, p times differentiable on R™, and its p-th derivative is
Lipschitz continuous, i.e. for all z,y € R"

IVPf(z) = VPFW)Il < Lylle —yl|.

Following the previous works, we construct tensor methods based on the p-th order Taylor ap-
proximation of the function f(x), which can be written as follows:

Boly) & f@)+ Y V@l —als yeRn n
i=1

The full Taylor expansion of f requires computing all the derivatives up to the order p, which can
be expensive to calculate. Thus, it is natural to use some approximations G, ; for the derivatives

Vif(z),i=1,...,p and to construct an inexact p-th order Taylor expansion of the objective:
P q '
bup(y) = f(2) + ) 5Gaily — 2], (5)
i=1

where G ; satisfies the following

CONDITION 1  Given the inexactness levels §; > 0 for i =1,...,p, for all x € R™ the approximate
derivatives G ; satisfy for all y € R™ the following inequalities:

1(Gai = Vi (@)ly — 2] M < dilly — 2l i=1,....p. (6)

Below, we first analyze inexact tensor methods under different conditions on the accuracy of
the approximations for the derivatives. Then, motivated by stochastic optimization problems (1),
(2), we focus on stochastic approximations of the derivatives through sampling. More precisely, for

S1,82,...,8, being sample sets, we construct the sampled approximations as
1 i .
Gw,i: E Vf(x7£])7 t=1,.,p. (7)
1Sl 2

In Section 7 we show how to choose the size of the sample sets S; so that our algorithms achieve a
desired accuracy with high probability.
In our methods we use the following p-th-order prox functions:

1
dp(z) = —[|z|P, p > 2.
p
Note that

Vdy() = ||z|P2a,

V2dy(z) = (p = 2|l aa® + |27 = ||l |71, (8)
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where [ is the identity matrix in R™.
As it is shown, e.g. in [40], Assumption 1 allows to control the quality of the approximation of
the objective f by its Taylor polynomial:

L

@Tpl),\ly — z||Pt @,y € R™ 9)

|f(y) = Pop(y)] <

If p > 2, the same can be done with the first and second derivatives:

L
IVf(y) = VO, p(y)ll < p—ny — x|, z,y € R", (10)

IV2£(y) = V@0 p(y)] < illy — 2P~ 2,y e R™. (11)

( )

3. Inexact Tensor Model

In this section, we analyze inexact Taylor approximation (5) under Condition 1. First, we obtain
under Condition 1 approximation bounds in the spirit of (9), (10), (11). Then, based on these
bounds, we construct a regularized inexact Taylor polynomial and show that it is a global upper
bound for the objective function f. The latter is the key to construct the proposed Inexact Tensor
Method, which we analyze in the next section.

The following lemma gives a counterpart of (9) when the inexact derivatives are used and shows
that we can bound the residual between function f and the p-th order inexact Taylor polynomial
¢z p(y) defined in (5).

LEMMA 1  Assume that Condition 1 is satisfied. Then, for any x,y € R™, we have

£ (Y) = bup(y |<Z—Hy— I+ o )Hy z|PF. (12)

Proof. For any x,y € R™:

Ly

m”y — 2P+ [P0 p(y) — dap(y)].

9)
F@) = ban@)] < 1F(0) — Bap(y)] + [apy) — dop(®)] <

Let us bound the second term in the right hand side of the inequality above:

(4),(5)
’@a;p(y) - ¢x7p(y)’ =

Combining both inequalities above, we finis the proof. [

(G — V@)l — o]

M*B

=1

i i—1 © ¢ i i
G = V' @)y =2y = all < Y~y — all"

1=1

_.|>—\
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The following lemma gives a counterpart of (10), (11) for the inexact Taylor polynomial ¢, ,(y)
defined in (5).

LEMMA 2 Assume that Condition 1 is satisfied. Then, for any x,y € R"™, we have

p

IV f(y) — Véup(y Z

1 L
Hy ol + p—fl!y —x|l?, (13)

M“@

. L _
I92£(9) = V262, (0) syplly =l =2 + ol — =l (14

i=2
where we use the standard convention 0! = 1.

Proof. First, we prove the bound for the first derivatives. For any x,y € R™:

IVF(Y) = Voup ) < IVF(y) = VrpW)ll + IV Pap(y) = Vo ()l

0) L
< p—f\ly — 2P+ [[V®sp(y) = Vup(y)l-
Let us bound the second term in the right hand side of the inequality above:
>
©) I 6

(e = V@)l =217 < Y 2l =

i=1 N i=1

I90.5(5) = Vibry)] ni = V@)l ]!

M*B

Combining both inequalities above, we get (13).
Now, we obtain the bound for the second derivatives. For any z,y € R", we have

IV2f(y) = VZéup @)l < V2 f(y) = VOup )]l + [V Pup(y) — Vup(¥)
w L,
- (-1

Let us bound the second term in the right hand side of the inequality above:

ly — @|P~ + [V ®qp(y) — Ve p(y)]l.

V82 (5) = Vbep )| = (Gri = V' @)y —
P 1 . . P 5, -
SZ;(z‘—2)!”(Gm—Vf(x)ﬂy—l?] z\légm\ly—w\l g

where the last inequality is valid due to conditions (6) and the definition of the tensor norm. Indeed,
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fori=2,...,p, we have
1(Gayi = V' f(2)ly — 2] 72| = M (Gaii — V' f(2))[y — =] ?[s1, 5]
i Yie2p, _ i -1
e MGV - eyl G = V@) - 2
yeR" yAa ly — z||? yeR" yFa |y — |l

© .
< Gilly — |~

Combining the above bounds, we obtain (14).
n

We finish this section by constructing a global upper bound for the objective f based on the
inexact Taylor expansion ¢, , which is regularized by functions d;, ¢ = 2, ..., p.

THEOREM 1 Assume that Condition 1 is satisfied. Then, for any v € R, z,y € R", and 0 > L,
the function

01 P o
xr - x -~ J— _ 1
plt) = s 0) + 5+ 26l ) + 2222 —a)+ gy —a) (1)
18 conver and majorizes the function f:
f(y) é wx,p(y), €,y € Rn (16)

Proof. For any z,y € R” and h € R™:
(V21 () = V2bup(v)) hoh) < V2 F(y) = V26 p(w)| - 1]

1) (I 4, . L
< 7 . 1—2 P _ p—l 2.
< (E @_%Ny | +Kp—DNy z|| )HM

1=2

Whence, using the convexity of f, we have

D
i Ly _
0= V2(0) < V20uplu) + D gy Iy — o T 4 oyl — P (17)
= 2 ’
® _, & o o2 2
< Ve p(y —z)I + WV dpt1(y — 2)1 = V=0, p(y),
= 2 ’
where we used that o > L, and defined
P o
Wz p(Y) = dup(y —x)+ de-i-l(y — ).
P ! !
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Thus, we conclude that @, ,(y) is convex. Further, w, ,(y) = @z () + L+ ~v01de(y — x) is convex
as a sum of three convex functions.
Finally, we prove inequality (16):

(12)

fy) < baply +Z lly ==+

Hp+1

( ) Ty —

L
= ¢up(y) + 01y di(y — =) + p_f p+1(y — )

p
(5,' (o
< Gap(y) +1lly — | + Z mdi(y —x)+ mdpﬂ(y - )

01 u o
< Gup(y) + - +¥01do(y — 2) + Z — )+ (Y — ) =wap(y),  (18)
2y = (p— 1!
where the last inequality makes the model smooth by using [|z| < 5 + %||z||*. We write Remark 1
for additional details. u

Thus, we have constructed a regularized inexact Taylor polynomial w; ,(y) defined in (15) as a
model of the objective f(y). Theorem 1 claims that this model satisfies two main conditions:

e Model w; ,(y) is a global upper bound for the function f:

(16)
fly) < wap(y), z,y € R™ (19)

e Model w;, ,(y) is convex.

In the next section we use the model w; ,(y) to construct Inexact Tensor Method.

4. Inexact Tensor Method

Based on the inexact regularized Taylor polynomial w, ,(y) defined in the previous section, in this
section, we present the Inexact Tensor Method (ITM). Each step of this algorithm uses minimization
of our model w; ,(y) to make a step from a point . To be more precise, we define an operator S(x)
as

S(x) = argminwg ,(y). (20)
yeR"

The resulting Inexact Tensor Method is listed as Algorithm 1.

In view of inequality (16), the process S(x) guarantees that f(S(z)) < f(z)+ £, i.e. Algorithm
1 is almost monotone, i.e. is monotone up to accuracy . Indeed,
(16) (21) .
f@i1) < wep(g1) < wa,p(ze) = f(@e) + g
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Algorithm 1 Inexact Tensor Method (ITM)
1: Input: convex function f such that VP f is L,-Lipschitz; xg is starting point; constant o > L,,.

2: fort > 0 do
3. Call the inexact oracle to compute G, ; for ¢ = 1,...,p such that Condition 1 is satisfied.
4:  Make the step:
Typ1 = argminwy, ,(y). (21)
yeR®
5: end for

Therefore, for any iteration T > 1, we have f(xp) < f(xo) + %. We define

£ (w0) = {w\f(x) < Flao)+ T—‘fj} . (22)

Remark 1 The approximate monotonicity is caused by our construction of the model w, ,(y) which
uses in (18) the inequality ||y — x| < % + Z|ly — «||* which holds for any v > 0. This is needed
to obtain a smooth model which is easier to minimize. Otherwise, we can construct a non-smooth
model

p
_ 0; o
Wm,p(y) = ¢m,p(y) + 51Hy - QZ‘H + ; (Z — 2)|d2(y - :I") + (p — 1)!d117+1(y - :E)

and minimize it in each iteration of the method. Such constructed modification of the ITM becomes
monotone. Indeed,

f(@e41) < Wa, p(@e41) < Wa, p(@) = fl20).
The next technical result is used to prove the convergence rate theorem for I'TM.

LEMMA 3 Assume that Condition 1 is satisfied. Then, for any v € R, x € R", and 0 > L,, we
have

€Rn
Y =2

p
f(S(z)) < min {f(y) + 571 + 2y01da(y — x) + Z (,-i_éi)gdi(y —z)+ LF;pode(y - 33)} - (23)

10
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Proof.
(19)
f(S(2) < wep(S(x))
(20),(15) P

) . 51 5 a

= Inin {¢x,p(y) + 55 +701da(y 2 “ondi(y — ) + G2y dpa(y — l’)}
(12) . 5 u iS5 Ly+po
é ;rel]{{n” f( )+ +51||y_x” +751d2( ) +Zz (Z_i)|d2(y_$) + pp! dp—‘,—l(y_;lj)
lel< +3 el ) P .

< min ) + 2+ 2901da(y — ) + > iy — @) + 22 dpa(y — @) ¢

=2

We are now in a position to estimate the convergence rate of the Inexact Tensor Method.

THEOREM 2 Let f be convex function and let Assumption 1 and Condition 1 hold. Let

also o > L.

Then, for any v € R™, after T + 1 iterations of Algorithm 1, we have the following bound for the

objective residual in problem (1):

v61D%(p + 1)?

01
f@ry) = f(2") < 7(T+1) T+p+il
» , ,
& D’ 1) L Drl 1P+t
'y (p+1) _ (Lp + po) (p+ 1" (24)
- (T+p+1) p+1! (T+p+1)p
By introducing O(-) notation and fixing v = O(T/D), we get
P
&; D" L,Drt!
flori) - Z (TZ 1) +0 < T ) : (25)
where
D = — 26
L [l — zo|. (26)

Proof. Applying Lemma 3 for any ¢ > 0, we obtain

(23)

, 81
f(#e1) < min {f( ) + > + 2701da(y

2:2
(26)

a:€[0,1]

a:€[0,1]

P
< min {(1 —ag)f(zt) + o f(a") + % + 761 (e D)* + Z

11

5 S .
< min {f(mt + oy(x™ —ap)) + 71 + 781 (auD)? + Z . (D) +
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Therefore, subtracting f(x*) from both sides, we obtain, for any oy € [0, 1]

floerr) = f(2") < (1 — o) (f(2g) — f(x*))

b1 P L +pa (27)
51 (eyD)? D) + L 2)ians
Let us define the sequence {A;}+>¢ as follows:
1,t=0
A=< ¢t 28
AT =), t> 1 (28)
i=1

Then, A; = (1 — ay)As—1. Also, we define oy = 1. Then, dividing both sides of (27) by A;, we get

o (Flaen) = £67) < o (L= a)(f(@1) - @)

t

1 (0 P 0 L, + po
| =+ D2+§:7’ DY 4+ 2P ' P (. D)L
Ay (’Y 700 D) (i — 1)!(% ) (p+ 1)!(% ) )

! * L% ~_ G i Lptpo P
A (f(ze) — f(2%)) + T <— + 761 (auD)? + Z = 1)!(041‘,D) + m(atD) +1> . (29)

Summing both sides of inequality (29) for t =0,...,7T , we obtain:

Ag
T T P T 1 pil
01§~ 1 2N~ O 5D~ ai (L + po)DPt
= + 701D —+
<7t:0 t ZO:A ;(Z_l)!;At (p+1)! por Ay
T T P T 1 pil
at g~ 2y of 6D g~ ot (Ly+po) DM G o
Y ;At ;At ;(z—l)!; ‘ (p+1)! e A,
Let us take
p+1
- = 31
R (31)
Then, we have
L pt1
t T!(p+1)! (p+1)!
=)= = = (32
];[1( 2 £[1t+p—|—1 (T+p+1)! ];[T—i—j (T + 1)p+1 (32)

12
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which gives, for all ¢t =0,...,p+ 1,

T

I =t | e IR0 | PEopOr ot T
t+p+1)i AT 4 T4 (thp+ 1)

To estimate the last sum we first prove that the elements of the sum are non-decreasing. Indeed,
we have

1
+—— <14 —, VYje[l,...,pl,
t+p+1 t+j Jel 7

and, hence, for alli =1,...,p+ 1,

1 i ptl 1
I+ ——) < 1+ —
< t+p+1> _E< t+3>

t o\t Moyt
@( +p+ > <11 +i+
t+p+1 t+

j=1
1721t +35) H”“(t +1+47)
Giprli = (ttproy

Thus, we have shown that the summands in the RHS of (33) are growing, whence we get the
next upper bound for the sum, for all t =0,...,p+ 1,

ATOét - ﬁ 1 Z Hp+l(t+])
A4 FlT+gt:0 (t+p+1)
‘ (34)
L1y pﬁ (T+1). [GH(T+5) _ (T +)p+1)
(p 1 T+prl) = (Ttptl)
Additionally, for all i =1,...,p+ 1,
ZAmt T+DE+1) (1) (35)

(T+p+1) (T +p+1)-1

13
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From (30) we get the statement of the Theorem:

T

A 2
flergr) — f(2*) < ZTTJFWHDQZ fltat
t=0

+
M“@ ~2|°‘

;D Z Amt » + po)DPTE N Apal ™!
i Z — 1 ! p + 1) =1 At
(34),(35) 2 2
09 81 gy, 1D D)
v T+p+1
N z”: §; D' (p+1)° (L +po)DP+E (p 4+ 1)Pt!
— (i—-)(T+p+1)! (p+1)!  (T+p+1)p
Next, one can set
_VIT+H)T+p+D) _ <§>
D(p+1) D)’
Then we obtain the following convergence rate
p i i 1 +1
;D (p+1) (Lp +po) D (p+1)F
— <2 1)61D .
flersn) = f(z7) < 2(p+ 1) +ZZ:; (i— ) (T+p+ )it p+1)! (T+p+1)p

» .
5, D' L, D!
=30 (TH) e (TB ) |

This result provides an upper bound for the objective residual after T iterations of the Inexact
Tensor Method. The last term in the RHS of (24) and (25) corresponds to the case of exact Tensor
method, i.e. §; =0, i = 1,...,p, and provides a similar convergence rate to that of non-accelerated
Tensor method in [40]. The other terms in the RHS show how inexactness in each derivative
influences the convergence rate. In particular, if, for some i-th derivative, the corresponding error
d; is non-zero, the convergence rate becomes worse since the convergence rate bound has term
proportional to &;/7°~!. Importantly, when the error 6; in the gradient is non-zero, our bound does
not guarantee decrease of the objective below the error O(d1 D). The same effect can be observed for
first-order methods [16]. We now give sufficient conditions for the errors ¢;, i = 1,...,p such that
the method is still guaranteed to find an e-solution. In particular, this result answers the following
question. Assume that the errors in the derivatives can be controlled and made as small as we
would like them to be. Then, how small should we take the error in each derivative if we would
like to achieve objective residual smaller than €7 As we will see below in Section 7, for stochastic
optimization problems, this control over the errors can be achieved by increasing the sample size
for each derivative.

COROLLARY 1 Let assumptions of Theorem 2 hold and let € > 0 be the desired solution accuracy.

14
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Further, let the levels of inexactness in Condition 1 satisfy the following inequalities:

1 €

< - =
51—2(p+1)2D’ (36)
i—1 p—itl
(i—=1! ((Lp+po)\ 7 € v .
Also, let the number of iterations T of Algorithm 1 satisfy
p+1 pH1N\ 7
T:nmx{h<@+;) (L”+zﬂD > —p—l}, (38)

and ~ be chosen as

__T+p+1_<p+1U@+p®D>; (30)
D(p+1) p! £ '
Then xpy1 is an e-solution of problem (1), i.e. f(zri1) — f(z*) <e.
Proof. First, by taking ~ from (39) we get
01 ’751D2(p + 1)2 €
—(T+1)+ ——->-<201D(p+1) < ——
ST D+ oy 200Dt ) < e
By our choice of v, T, 9;, i =1,...,p we have:
5; D’ (p+1)° e .
__ < —92....,
G-I (T+p+ 1)t =p+1’ b
(Lp +po)DP* (p+ 1P«
(p+1)! (T+p+1)p p+1
Then, from (24) we have:
flara) — f(@%) <e.
|

Thus, we showed that the number of steps sufficient for the Inexact Tensor Method to find an
e-solution to problem (1) is the same as for non-accelerated exact tensor method [40] and is equal

€

p—i+l

0; =0 (e » |),i=1,...,p. Interestingly, as the order of the derivative increases, the requirement

L. Dp+1 1/p
to O < P ) under the assumption that the inexactness §; of each derivative satisfies

for the accuracy of the derivative becomes less strict.

15
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Remark 2 1In the statement of Theorem 2 we defined D = I%a(x |z — xol|, where L'(x¢) =
zeL(x0)

{x| flx) < f(zo) + T51 } . Choosing the inexactness level §; and the number of iterations 7" as in

T(5
Corollary 1, we have L < L. Therefore, the Inexact Tensor Method is monotone up to a
2y T 2(p+1)

small inaccuracy 2(p T

5. Accelerated Inexact Tensor Method

In this section, we use the estimating sequences technique to propose Accelerated Inexact Tensor
Method and prove its convergence rate theorem providing faster rates than that of Algorithm 1.

In Algorithm 2 we utilize the estimating sequence technique to obtain acceleration. In this tech-
nique, to prove the convergence theorem (Theorem 3) one needs to construct a lower and an upper
bound for the estimating sequence ;(x) based on the objective function. So, the full proof is
organized as follows:

e Lemma 4 provides an upper bound for the estimating sequence 1 (x) (42), (45);

e Lemma 8 provides a lower bound on () based on results of technical Lemmas 6- 7;

e finally, everything is combined together in Theorem 3 in order to prove convergence and obtain
convergence rate.

The following lemma shows that the sequence of functions v (z) generated by Algorithm 2 can
be upper bounded by the properly regularized objective function.

LEMMA 4 If Condition 1 is satisfied and () is defined as in (42), (45) then, for any z € R",
we have

/(@) _ _ WiA R
vi(@) < 5=+ billan = woll + du e x0\|+z R
- =2
L —l—pO’—i—Rt_l t—1 o
+ L p| p+1dp+1(x_x0)+ZI<Gm+1,1_vf(xi+1)7x_xi+1>’
’ i=1 """

16
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Algorithm 2 Accelerated Inexact Tensor Method
1: Input: convex function f such that VPf is L,-Lipschitz; x( is starting point; constants o >

max{l; g} Ly, mi > 3 for i = 2,...,p; nonnegative nondecreasing sequences {!};>o for i =
2,...,p+ 1, and

t

p+1
ap=——— A;= 1—a;), Ag=1. 40
t ‘Tt Dt 1 t jl;[l( ]) 0 ( )
2. Precomputation: Call the inexact oracle to compute G, ; for i = 1,...,p such that Condition
1 is satisfied. Compute
P o
xr1 = arg :({IelllRl}l{(bxo D + ZZ; .Z' — .Z'()) + mdp+1($ — 1’0)} (41)

3: fort > 1 do

4: Set
Ve = (1 — at)xt + Y, (43)
5. Call the inexact oracle to compute Gy, ; for ¢ = 1,...,p such that Condition 1 is satisfied
and set
= i QUL 7 4 44
Tr+1 = arg min {¢o, p(2) + ; =] i(T—v) + —1) p+1(T — ve)}. (44)

6: Compute

Yt+1 = arg mln {¢t+1( ) = Y(x) + Z El__iﬁfdz(x —x0) + j—i¢xt+1,l(9€)} . (45)

7. end for

Proof.

(12) SN L,
f(x1) < ¢upp(@1) + 0121 — ol + Z mdi(iﬂl —zo) + de.}.l(!l?l — )

L,<c o

< Py p(w1) + 011 — w0 + Z —)di(xl —z0) + Hdyl,ﬂ(gcl )
=2 )

o<po u ()l po

< Guep(®1) + G1flz — 2ol + Z —di(z1 — @) + deJrl(wl )

1)!

(41) 5@ g
< (@) + 31 ler - o +Zmdi<x —20) + Ly (z — 20)



March 17, 2022 Optimization Methods & Software main

Therefore,
Pl
dr(x) = flz) + > mdi(w —x9) < f(x) + d1f|z1 — 2o (46)
i=2 ’
2; + RO L, + po + pkY
+51Hl’—on+Z di(z — x0) + — ;. P 4 (2 — o).
From (45) we have
p+1 Rt'_l /2',0 t—1
o) = @) + 3 oyl = 20) + 3 s (2)
=2 j=1
p+1 Rt'_l = t—1 -
= 01(0) 4 3 Sy e = a0) 4 3 7 @)
i=2 j=1""7
=1
+> L A(Gey 1 = V(i) T — xj41) (47)
j=1""

From (40) we have that, for all j > 1, A; = A;_1(1 — a;), which leads to & = 4+ — ﬁ. Hence,

t—1
we have > % = Al — Ai and, using the convexity of the objective f, we get
]:1 J t—1 0
i—1 t—l
Q; aj 1 1
_q)ibj 1,1 = = f < _> : (48)

Finally, combining all the inequalities from above and using that Ag = 1, we obtain

(47),(48) Pt

dila) < )+ Y Tt

+>° & (Gajorn = Vf(@js1), 2 — xj41)

j=1
(46),40=1  f(z) CL 28, + R
< Ao + d1flzr — zoll + 01|z — o +Zi_71)!di($—$o)
Ly + po + pkl 4 aj
+ dpy1(z +Z <Gm]+1, —Vf(@jr),® — xjp1) - (49)

p!

The next Lemma characterizes the progress of the tensor step (44) in Algorithm 2.

LEMMA 5 Let {4, v }1>1 be generated by Algorithm 2. Then, the following holds.

18
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o If
p
0; i-1 L
o 2 Zz:; G- [ p_fot-i-l — ",
then
* po *
fe) - fla®) < <max {L—;max {m}} + 2) T
D 1
e clse
(Vf(xig1), v — 241) >
V5

Proof. For simplicity, we denote

P

. 77251 i—2 o p—1
Gl = Zﬁ” Nl m”ﬂﬂtﬂ — [P

i=2
By the optimality condition in (44)

/4

0= Voo, p(zii1) + Z

i0i 4
n 1 Vd Z'H_l ) + WVdp_H(xt_H — Ut)

52
(:) Vo, p(@i41) + Gt (Tip1 — ve).

From the optimality condition (53) we obtain

IVf(@ir)l| = IVf(@e1) = Vo, p(@er1) — Car (a1 — ve) |
< ‘|V¢vt,p($t+1) = V@)l + Grallwer — vl
(13)

p
(i +1)d; i1, Lp+po p
=0 +;W\|$t+1 — vl + ol [ 41 — e[

If 0, is dominating, i.e. (50) holds, then

L, + po
|z — v

1)!

(50) o
< : i 2] d;.
< <max { I, Zegfxx’p} {n }} + ) 1

p
19 i)l < 61+ 3 S s — ) 4
1=2

19

VEo . (-1 N\ v [ (p—1)1 \»
3 mln{i:gl}gp\\vf(wwl)ll (pi(mﬂ)& s IV (@)l 3L, + po -

(50)

(51)

(54)
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Since f is convex, we have

feen) = f(@) S (V@) 21 — 27) <[V (@) llzer — 27
po .
< : ; 2)6 —z*|.
< <max{Lp7lel{n§§>fp} {ni }} + ) @1 — 2|

This proves the first statement.
Now, we move to the second statement and for the rest of the proof we assume that

Y

We start with getting an upper bound for ||V, p(zi+1) — Vf(2441)||. Combining the above in-
equality with (13) we have

L
me — ol + Pl — vl (55)
!

13) ;i . L
IV o, p(t41) — Vf(e41) || < 51+Z ol e — el 1+p—wat+1—thp

®) I 26; 2L
< — L _p —_ 0 |IP
< ;:2 D Tz — ol + ol 241 — v

i3 2 P Th& ; 2L

< Z § : - i—1 P . p
3LrSpe 2 Z” m:i . o
< “ _ i—1 v _ p
(52) 2

gCt+1H<Et+1 — vy

Next, from the previous inequality and optimality condition (53), we get

4 53
SGaalleeis = il 2 V6, (@) = VF @)l E 19 @) + G (e = )]

=2V f(i41), Tr41 — )G + Grallzerr — vl + [V (@e) |1

Hence,

5
2V f(@e41), vt — Te1) G = IV f (@) * + —Ct2+1\|<17t+1 — v

25

> —Ct+1HVf(35t+1)HH$t+1 — ve].

Dividing both sides by 2(;+1, we finally get

Q‘

(Vf(xep1), v = 21) 2 7\|Vf(:vt+1)ll\l$t+1 — o] (56)
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To bound ||z;4+1 — v¢|| from below using the gradient norm ||V f(z;4+1)]|, we use inequality (54):

p
+1 . Ly, + po
\WﬂwﬂH<&+§Im Pl — vl 2P g — P
=2
(55) & + 2)9; 2L, + po
< Z —1)! ‘|$t+1—vt‘|l ' pTHJEtH—Uth
=2 '

Next, we consider p—1 cases depending on which term dominates in the RHS of the last inequality.

e If, for some i = 2,...,p, the term %ﬁg? — v¢||*~! dominates the others, then we get the

following bound

IV f(ey1)||(0 — 1)!>ﬁ

Tip1 — V| =
v o > (Ll

e If the term 2LT’;!'p g

||x¢+1 — v¢]|P dominates the others, then

|V f(zer1)]|(p — 1)! ’
J— >
e = w2 < 2L, + po

Clearly, ||xt4+1 — v¢|| is bounded from below by the minimum of these p lower bounds. Combining
this minimum bound with the bound (56) we finish the proof. |

We will also use the next technical lemma [28, 38] on Fenchel conjugate for the p-th power of the
norm.

LEMMA 6 Let g(z) = gHsz for p > 2 and g* be its conjugate function i.e., g*(v) = sup,{(v, z)—

g(2)}. Then, we have
ey = DL (Il

Moreover, for any v,z € R", we have g(z) + g*(v) — (z,v) > 0.

The next step is to provide a lower bound vy (x) > ¢} := min, iy (x) > %—kewt for all z,
where err; is some error term that will be defined later. The convergence rate of Algorithm 2 will
follow from this bound and Lemma 4. The proof of the desired lower bound is quite technical and
requires several auxiliary lemmas. After that we combine all the technical results together to obtain
convergence rate in the proof of Theorem 3. We start the technical derivations with the following
result.

LEMMA 7 Let h(z) be a convex function, o € R™, 6; >0 fori=2,...,p+ 1 and
p+1

T = argfelﬁg}b{h —i—ZGd

21
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Then, for all z € R",

p+1 1\2
h(z) > h(Z) + Z; <§> 0:d;(z — 7).
Proof. In [38] it is shown that, for all z,y € R™ and for any i > 2,

i—2
)~ i)~ (Vasta =) = (3) o=

Using the convexity of h, we have

p+1 p+1

+Z€d 0) > h(Z) + (Vh(Z),2 — % +Z€d

p+1

i—2
> W(z) + (Vh(z),z — T) —1—29 ( (Z — xo) + (Vdi(Z — xg),x — T) + <§> di(x—a:)>

p+1 i—2 p+1 i—2
= h(z) + (Vh(z),z —2) + ) <%> Oidi(x — %) > h(z) + <%> 0:d;(x — 2),

=2 =2
where the last inequality holds by optimality condition since h(z) is convex. [

Finally, the last technical step is the next Lemma which will be a part of the induction step to
prove that ( ) +erry < mln U (z) = Uf.

LEMMA 8 Let {z¢,yt }+>1 be generated by Algorithm 2 and define

t_
s
erry =Y A—J,(me,l = Vf(@j41), Yj+1 — Tj41)- (57)
» J
Assume also that
) = miny(z) > ‘Z(:E t) + erry. (58)
z t—1

Then,

i > f@w) | (Vf(a; —x +pz+:1 TR di(yr1 — W)
+1 2 A, At t+1), t+1) i—1) i\Yt+1 — Yt

At <Vf($t+1) Ytr1 — Yt) T erreg.

22
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Proof. By definition,

wt(x) = f(xl) + Z (Z 1) LZ' - xO + Z ¢SE;+17

Next, we apply Lemma 7 with the following choice of parameters:
t—1 _t—1

h(z) = f(x1) + le—;quﬁl,l(x), b; = h fori=2,....,p+ 1L
J:

By (45), y; = argmin h(z), and we have

TER™
p+1 i—2 /ZJt-_l (58 p+1 i—2 /%t-_l
x) > ) +Z < > (iil)!di(ﬂf—yt Z < ) (iil)!di(:n—yt)+errt,

where the last inequality follows from the assumption of the lemma.
By the definition of ;11 (z), the above inequality, and convexity of f, we obtain

P .
Ve () = pula) &+ 2~y dile = w0) £ 5 Gea @)
1 i
f (@) = 1\’ k! o
> - o [
el At_l +Z 9 (Z—l)'dl(aj yt)+ At¢mt+1,1(gj)+€7‘7‘t

p+1 -2
2 ! (f(@e1) + (Vf(@e1), 20 — Te41)) + Z (%) ﬁdz(fﬂ —Yt)
i=2 ‘

Q¢
+_®xt+171(‘r) + Xt

A, (Gappr1 — V(@is1), — Teq1) +erry

Next, we consider the sum of two linear models from the last inequality:

Atl_1 (f(@eg1) H(Vf(@ig1), 26 — Tp41)) + j—iq)xtﬂ,l(x)

— Al (f(xe1) + (Vf(Tig1), 2 — Te41))
t—1

+%(f(xt+1) +(Vf(@e41), T — Te41))

Ay
40) 1 -« 1—a o o
= “f@e) + ——(Vf(@i), 20— 2001) + 7 @) + 7 (Vf (@), 2 = 2141)
At At At At
(43) f X 1-— v oy o
= (2:1) + A (Vf(a:t+1) % xt+1>+Xi(Vf(a:t+1),x—xt+l>
flx o
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Therefore,

p+1 -2 -
f@es) i <1> a di(x — )

wt‘f‘l(‘r) 2 At + At <Vf(xt+1), Vg — ‘Tt+l> + Zz:; 5 (Z — 1)'
(673 Ot
+E<Vf($t+1)7$ —yt) + E(G(;M,l = Vf(@it1), T — zit1) +erry.

Finally, by (45), we get

Y1 = Vi1 (Yeg1) >

Fo) o o+ 50 (1) B s - w)
A, A, Li+1); Ve — Ti41 2 (i— 1) i\Yt+1 — Yt

8%
+—At (Vf(@i1), Yep1 — Ye) +€rripa.
t

Finally, we are in a position to prove the convergence rate theorem for the Accelerated Inexact
Tensor Method (Algorithm 2). The proof uses the following technical assumption.

ASSUMPTION 2 Let {xs,y: }1>1 be generated from Algorithm 2. Then there exists R > 0 such that

lz1 — 2ol < R, Jlme—a"| <R Vt=1,

? 59
lys —2*|| <R WVt > 1. (59)

Note, that in the case of exact gradient, i.e. §; = 0, we do not need Assumption 2. Let also R be
such that

|lzo — z*|| < R. (60)

THEOREM 3 Let Assumption 2 hold, Condition 1 be satisfied, f(x) be conver and p times differen-
tiable function with Lipschitz constant L, for the p-th derivative, ¢ > max {1; %} L,, and n; > 3,

i=1,...,p. Assume also that Algorithm 2 makes T > 1 iterations with parameters
. i—1 i p _p+l1
4 p (- 1)6)’ al L 1 < 6p ) ol
Ri == i+ 2)—0;,1=2,...,p, Ko, 1=— 2L, + po).
) 2 ( Z\/g (772 )At z b p+1 2 \/5(]94‘1) At ( pTD )

If, for for all iterations t <T', we have

01 < Xp: i lzees — ool 4 22 gy — P
1> (Z — 1)| t+1 t p! t+1 til
=2

24
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then we have the following bound for the objective residual:

25 (%)Z_l (p+1'(ni+2) 5 it
f(!ET) - f(!E*) <26 R+ Z L i

pors i (T +p+1) (61)
6n \ P
(7%) (2L, + po)RPH
pt (T +p+1)ptt’
or, in other words,
» .
. B (51'R2+1 L Rp+1

o) - s <o) + Y0 (M=) o (B ). (62)

Otherwise, if for some iteration t < T,

52y

L
Hl’t+1 — o+ p—le’tH — uy||?,

then

Fxe) — fz*) < <max {%; max {m}} + 2> 51R = O(61R). (63)

p 7’6{ ’” 7p}

Proof. Firstly, assuming that for all iterations ¢ < T it holds that

p
0; 1 L
W<y o e — v+ p—le’tH — vi]|”,

we show by induction that, for all t > 0,

Il

+ erry < 1y,
At !

where err; is defined in (57). From (42), since Ay = 1, we have that %x;) < ¢]. Let us assume that

f(xr)

+erry < b
Ay !

and show that (x'“) +erry1 < 9. By Lemma 8, we have

x f(l’t+1) - 1 =R
Vip1 2 Tt A, (Vf($t+1) Vr — Tp1) + Zz; (i — 1)!di(yt+1 — Yt

a;

t
At <Vf($t+1 y Yt+1 — yt Z A m]+1,1 - Vf($j+1),yj+1 - 33j+1>'

25



March 17, 2022

Optimization Methods & Software main

Therefore, to complete the induction step we need to show, that the sum of all terms in the RHS
except f(%“) and error terms is non-negative.

Lemma 5 provides the lower bound for (V f(x¢41),v: — x¢41). Let us consider the case when the
minimum in the RHS of (51) is attained at the first term with particular ¢ = 2,...,p. By Lemma

6 with the following choice of the parameters

1—2 —t
o 1 K:
g —_ —_ — 9 e — L]
Z =Yt — Y1, Atvf(ﬂftﬂ), <2> G-
we have
1/1\"? & P i—1 [ 15V (@) o
= Ny — Y |I' + AV F(@e1)s Y1 — Y > —— e (65)
1\ 2 ( — 1)' At (l) Ky
2 (—1)!
Hence,
f Tt4+1 1 1 =2 R? «
(2: ) + E<Vf(33t+l),vt — @)+ {5 mdi(yt—l—l — ) + Ii(vf($t+1)ayt+l —Yt)
©) f( 1 i—1 (1EV @l
2 faen) + = (Vf(@t41), 00 — Te41) — — B
At At 7 (l) "“iz
2
D ) | LV G, ) < (i —1)! )_ i1 15V @)l
2 t+1 — - — T W
Ay A 3 p(ni +2)0; i (3
> f($t+1)7
=4,
where the last inequality holds by our choice of the parameters
t>p<(i_1)6>i_l( 2) 2t Lo =2 (66)
Z —_ 2 ’L'\/g ,’7 At (3] P 7p'
Next, we consider the case when the minimum in the RHS of (51) is achieved on the second term.
Again, by Lemma 6 with the same choice of z,v and with 6 = (%)p ! (:p*ll),, we have
11V R a 199 f (o) [P ) 7
I _ p+1 _t _ > _ p A,
» <2> vt — yea [P + A, (Vf(@e1)s yerr — ye) = P11 (%)p_l (,—QZT)' - (67)
p—1)!
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Hence, we get

fla 1 & o
o V) v ) + g s~ )+ V)~
6D fla) | 1 p (1Y )P’
> Tt—FE(Vf(mHl)yvt—xt-i-ﬂ_p+1 LR,
(2) p!
G f(a | i [ (p—1) \ 19V f (o) P\
2 ) | L () (B
Ay A 3 (2L, + po) p+1 (%)p Rt
p!
- f($t+1)7
> Lo

. . . 7t .
where the last inequality holds by our choice of &, 4:

6 p _p+l
p ) U (2L, + po). (68)

Rl 1>]—9<
PRT2\VEp+1)) A

To sum up, by our choice of the parameters k!, i = 2,...,p, we obtain from (64) that

Vipr > +erryp.

f(@i41)
Ay

Thus, by induction, we obtain that, for all ¢ > 1,

Lemma 4

t
$t+1 * *
Z A_] vyl — VA(@i41) Y01 — i) S S (@) <

p — =t
= . + Rl L,+po+EK .
%muxl—xoumux ol + Z — )+ L o)
3 |
‘ Oé
Z A_ Gepprt — V(1) 2" — 2j41), (69)

where the first inequality has been just proved by induction and the third one comes from Lemma
4.
We now bound the gradient error terms in this inequality:

t
. « (6 7]
(Gayont — VI (@i1), 2" — 1) = Y —Goay1 = VF(@i41),Yj1 — Tj1)

NE

j=1"" j=1 AJ
t s t s ) B t
= L(Gayq — V(@) 2" — yjt1) Z ! ||$ = Yjl < HRY A—J
Jj=1 J Jj=1 Jj=1
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Finally, we obtain the following convergence rate bound

(60),(59) P95, + /T L Lytpos RT _ L q;
zr) — flz*) < 26, R + PRRPHL L 5 RY -2
fler) = f(z¥) < Ar |24 z; ‘ TR 1 ]Z:;j
p 25+2 ((i_1)6)i_1 (77_’_2)%5
B _ % D) NG ) Ar%
= Ar | 20,R + Z; g R
p P+1
Lp+pa+%( bp %4 (2L, + po)
V5(p+1) +1
+ RP + 0, RA
(p+ 1)- e Jz; 4
» 6(i—1) 71 ; ' 60 \?
(81),(32),(35) 3 p (—\/5 ) p+1)'m+2) s pi (%) L, +po)R
= i (T+p+1) (-1 (T+p+1pHt ~ 0
Now, for the rest of the proof we assume that for some iteration ¢ < T we have:
- L
12 Z H!Et+1 — o+ I,)H!Et+1 — u|P.
:2 p:
Then, by Lemma 5 we have
) = 1) < (e { s i} | +2) Bllo =)
D (2
Thus, we obtain the second statement of the theorem. [

In Theorem 3 has two cases. The first one provides an upper bound on the objective residual after
T iterations (61). The second one shows, that there can be the case, when on iteration ¢ we have
the objective residual smaller than 6; R already (63). Note, that this condition may be veryfied on
every step of Algorithm 2.

The last term in the RHS of 61 and 62 corresponds to the case of an Accelerated Tensor Method,
ie. 0; = 0,4 = 1,...,p provides similar convergence rate as [40]. As in Inexact Tensor Method
other terms correspond to the inexactness in derivatives. For ¢ = 2,...,p we have additional terms

5; .
proportional to — TP , which are better than ones in non-accelerated case TZ—Z_1> Note, that if the

gradient error d; is non-zero, our bound does not guarantee the decrease of the objective below
O(61R). In the case of exact gradient (i.e. §; = 0) we do not need additional Assumption 2.

Assuming that we can control the errors in derivatives, we show how small one should take the
errors to make the objective residual smaller than e.

COROLLARY 2 Let assumptions of Theorem 3 hold and let € > 0 be the desired solution accuracy.
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Further, let the levels of inexactness in Condition 1 satisfy the following inequalities:

€ € <
01 < min = =0(%5) (70)
2(p—|— 1)R (max{ii;maxi {771}} +2)R <R>

+1—i
= ip 1

6 p+1 p—p—1 i
pr1—i il (_> p vt (2Lp+p0)p+1 prl—i
§; < e YAV :0(551) i=2,...,p. (71)

ipt+p+1

(- D) (p+ 1) (557 (g +2)

Also, let the number of iterations T of Algorithm 1 satisfy

TZmaX{l;i; (6—p>w ( ptl )p“ (2Lp+pa)ﬁ—p—1}. (72)

et \WVB (p—1)!
Then x¢ is an e-solution of the problem (1), i.e. f(z:) — f(z*) < e for somet=1,...,T.
Proof. Firstly, let us consider the case in Theorem 3 when

Fla) — fa*) < <max {];J—U;mzax{m}} + 2> 51 R.

p

By our choice of §; we obtain

fla) = f@") <e.

Secondly, we consider the case, when convergence rate is given by (61). Then, by our choice of §;

and T
_ €
2 <
MR < oy
6i-1) | i .
P (W) (p+1)"(ni +2) §; Ri+1 ¢
i! (T+p+1) ~ p+1’

6 p
(7%) (2L, + po)RPH €

pl (T+p+1pptt  p+ 1

and, from (61), we have

flxri) — f(2¥) <e.
[ |

Thus, the number of steps sufficient for the Accelerated Inexact Tensor Method to fin an e-solution
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L. DPHLN 71
is the same as for accelerated exact tensor method [40] and is equal to O << P ) ) under
€

the assumption that 6; = O(e) and 6; = O (e pzjﬁl) for i = 2,...,p. Note, that inexactness levers

p—it1
for i = 2,...,p are less strict than in non-accelerated case O (E » )

6. Implementation Details

Inexact tensor optimization methods, introduced in Sections 4, 5, are based on the solution of
auxiliary subproblems (21), (44) in each iteration. As we already proved, these problems are convex,
and, therefore, can be solved by convex optimization methods. However, the complexity of solving
these problems can slow down the convergence of inexact tensor methods. In this section, we show
how to treat these problems in the particular case of p = 3. To do that, we consider the third degree
model which corresponds to p = 3

def 01 oy 02 03 o
Ce(h) = wes(x +h) = dp3(z+h)+ % + 7Wl|’2 + EHhH2 + th”?’ + thH‘l' (73)

We use the following notation for the first three approximate (sampled) derivatives g = G5 1, B =
G2, T'= G 3, which leads to the following expression for the inexact Taylor polynomial:

@)+ g h+ %hTBh + %T[h]?’. (74)

def

¢z(h)

LEMMA 9 For any h € R” and 7 > 0, we have
1 1 T 9 1 1 T 9
—;B—;(vél +52)I—53Hh||1—§L3||hH I X TIh] < ;B+;(751 +02)I +d3]|h|| I+ §L3Hh|| I (75)
Proof. From (17) and definition of {,(h) we obtain:
L
0 <(V2f(x + h)u,u) < (V2¢u(h)u,u) + é’llh\lzllwl2 + G2 ful|* + 03| Al||ul|?
Ls
<A{(B + Ty, u) + 1B [[ull® + bsl|ul* + Js] 1l flu
Replacing h with 7h and dividing by 7, we get
1 T 1
—(T{hJu,u) < —(Bu,u) + o Lal|h[*l|ul* + —8a[ull* + 03] ] |u]*.
Replacing h by —h we obtain:
1 T 1
(TTh]u, w) < —(Bu,u) + §L3llh\l2\lull2 + ;52IIUH2 + 83l [l >

From the last two inequalities we get (75).
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In the considered case of p = 3, Algorithm 1 requires to solve the following minimization problem
at each iteration:

i {0 = 6200 + 55+ 261+ 82)da0) + (1) + G0} (76)

heR™
For any h € R" :

V2, (h) = V2, (h) + (461 + 62)V2ds(h) + 65V 2d3(h) + %V2d4(h)

= B+ T[h] + (61 + 62)V2da(h) + 65V 2ds(h) + %V2d4(h)

(75) o 1 1 T
7 B+ (Y01 + 02)Vda(h) + 63V7d3(h) + §V2d4(h) = =B = (01 + )1 = G||hl| — §L3HhH21

> (1 - —> <1 - 1) (v01 + 62)V2d(h) + (1 _ %) 55 %ds(h) + (" _QTL?’) V2dy(h). (77)

On the other hand, for any h € R™:

V2, (h) = V2, (h) + (461 + 62)V2ds(h) + 65V 2d3(h) + %V2d4(h)

(75)
< B+ B+ (751+52)I+63HhHI+ LthHI+(fy<51+62)V2d2(h)+53V2d3(h)+%vzd4(h)

2 <1 + %) B+ <1 + %) (161 + 65)V2da(h) + <1 T ;> 55V2ds(h) + (" +ZTL3> V2d,(h). (78)

Next, we set 0 = 72L3 with 7 > 1. In view of Theorem 1, model (,(h) is convex with this choice
of o.

Then, from (77), (78) we obtain

T

< 1 f: <<1 - ;> B+ (1 - 1) (781 + 62)V2ds(h) + <1 - —) 53V 2ds(h) + (” _2TL3> V2d4(h)> .

Let py(h) = 3 (1 — ) (Bh,hy+ (1 — L) (v01 + 62)da(h) + (1 — 1) 03d3(h) + (25%2) da(h). There-
fore, we have proved the relative strong convexity with constant 1 and relative smoothness with
constant £(7) = 1£Z of the function (,(h) with respect to the function p,(h) [34]:

<1 — 1) B+ <1 — 1) (v61 4 62)V2da(h) + <1 — %) 63V 2ds(h) + <U _2TL3> V2dy(h) < V3¢ (h)

1+7

TV ou(h). (79)

V2pe(h) < V2C(h) <

The relative smoothness condition allows to solve the auxiliary problem (76) very efficiently
[34, 40] by the iterates

hi1 = arg min {{VCo(hi), h) + £(7)Bp, (hi, h)} (80)
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with linear rate of convergence.
Note, that in the accelerated method (Algorithm 2) subproblem (44) is different than minimizing
the model (,(h) and has the form:

. 0 0 o
win {zali-+ 1)+ L1012 + 210 + Zlal

However, this objective function also satisfies relative strong convexity and relative smoothness
conditions. Indeed, the term g—iY does not correspond to convexity or smoothness. Therefore, we can

omit it and the analysis will be the same. We set v = 0 in equation (73) and the reference function

pa(h) = = <1 _ 1) (Bh, h) + (1 - %) 5ada(h) + <1 _ 1) 5ads(h) + <“‘TTL3> da(h).

2 T T

Then, the objective in subproblem (44) also satisfies relative smoothness and strong convexity
condition. Therefore, it can also be solved by the process (80).

According to [40] it is not necessary to calculate the full third derivative tensor 7' in the above
derivations. It is sufficient to use an automatic differentiation technique to calculate third-order
derivative in a certain direction.

7. Stochastic Tensor and Accelerated Tensor Methods

In this section, we apply Inexact Tensor Method and Accelerated Inexact Tensor Method to solve
stochastic optimization problem in the online (2) and offline (3) settings. The main step to do that
is to find sufficient conditions for Condition 1 to be satisfied in these two settings. To do that we
first introduce an additional assumption on the objective function f:

ASSUMPTION 3 The function f(z) and its derivatives V f(z),..., VP~ f(x) are Lipschitz contin-
uous:

IV f (@) = VW)l < Lillz —yll,i=0,...,p— 1.

In the stochastic versions of Algorithms 1, 2 for the stochastic optimization problem (1) in the
online (2) and offline (3) settings we sample stochastic derivatives in each iteration in order to form
mini-batch approximations for the derivatives of f.

More precisely, for Si,Sa,...,S, being sample sets for each derivative, we set

1 ; .
Gx,zzﬁzvlf(x7§])a Zlewp’
thjes

In the next subsections we show how to choose the size of the sample sets to satisfy Condition 1
for both online and offline settings.
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7.1 Online Setting

For the online setting, i.e. when (2) holds, we need one more assumption to be able to satisfy
Condition 1.

ASSUMPTION 4 For alli=1,2,...,p, & and z € R":
IV f(z,6) = V' f(2)|| < M.

From the following tensor concentration bound theorem we derive the required conditions.

THEOREM 4 (Tensor Hoeffding Inequality [35]) Let X be a sum of m i.i.d. tensors Y; € R,
Let uy,...ug be such that ||u;|| = 1 and assume that for each tensor Y;, it holds that a <
Vi(uy,...,ug) <b. Let o := (b— a). Then we have

(Zf:l di) t2
P(|X¥ —EX|| >1t) <k, - 2exp ~53

where kg = (%)

This Theorem allows us to provide a sufficient condition on the sample sets S; in order to satisfy
Condition 1.

LEMMA 10 Let Assumptions 1, 3, 4 be satisfied. Then, for any fized small constants §; > 0 we can
choose the sizes of the sample sets S; in equation (7) to be

‘Si’:ni:@((Li—1+Mi)2-5i_2),i:1,...,p

so that with probability at least 1 — § Condition 1 is satisfied.

Proof. Using Assumptions 1, 4 and the triangle inequality, we obtain

1 & : 1 & , , : o
Gl = — IV @) < — 3 (IVif(@.&) = V@) + [V @) < M+ Lios € o
3 ]:1 3

J=1

Then, the proof completely repeats the proof of Lemma 11 in [35]. We require the probability of a
large deviation to be smaller than ¢ € (0, 1]:

. . t2n;
P (I - V@) > 1 < k2w (- 55 ) <

i
Taking the logarithm of both sides, we get

t27’Li
<lo
2022 =08

2k

33



March 17, 2022

Optimization Methods & Software main

which is equivalent to

202

P 2k
t2

0

ng > log

Finally, we can simply choose t = ¢; in order to satisfy (6) in Condition 1 since then, with probability
at least 1 — 9, Yy € R",

|Gaily — 2]t = Vif(@)[y — 2] 7| < |G — VIF(@)]|| ly — 2| < Silly — ]

Next, we obtain the required batch sizes for our stochastic tensor methods in order to achieve
convergence rates as in the case of exact derivatives. The following result immediately follows from
the Lemma above and Corollary 1.

COROLLARY 3 Let Assumptions 1, 3, 4 be satisfied. Then, we can choose the sizes |S;| of sample
sets S; in (7) to be

_gp=itl

ni:|8i|:(§<(Li_1—|—Mi)2-e 7 ),izl...p

so that with probability at least 1 — § Stochastic Tensor Method has complezity T = O (all/p).
A similar result can be obtained for the Accelerated Stochastic Tensor Method.

COROLLARY 4 Let Assumptions 1, 3, 4 be satisfied. Then, we can choose the sizes |S;| of sample
sets S; in (7) to be

m = |81 = O ((Lo+Mp)? - =75H), (81)

n; = |SZ| :@((Li—1+Mi)2'6_2)7i:27"'7p (82)

so that with probability at least 1 — § Accelerated Stochastic Tensor Method has complexity T =
O (zrrtem) -

Corollaries 3, 4 show how to choose batch sizes for derivatives in inexact tensor methods to
achieve convergence as in exact case for online setting. Gradient sample sizes of non-accelerated
and accelerated tensor methods are the same. For the case of higher derivatives (of order > 2), we
need to use fewer samples for the accelerated method than for the non-accelerated one. Moreover,
batch sizes are decreasing with the growth of derivatives order.

7.2 Offtine setting

For the offline setting, i.e. when (3) holds, we use the following result to provide a sufficient condition
for Condition 1 to hold.

THEOREM 5 (Tensor Hoeffding—Serfling Inequality [35]) Let X be a sum of m tensors ); €
R&XXdx - sampled without replacement from a finite population A of size N. Let u;, ..., uj, be such
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that ||u;|| = 1 and assume that for each tensor i, a < Y;(u;,...,ux) < b. Let 0 := (b — a), then we
have
kg, t2m?
P|X —EX|| > t) < k>=% .2 - 83
(1~ B 2 ) < " 20w (- T, (53)

where kg = %.
The next lemma follows from Theorem 5. The proof can be found in [35].

LEMMA 11 Let Assumptions 1, 8 be satisfied. Then, for any fired small constants 6; > 0 we can
choose the sizes |S;| of sample sets S; in (7) to be

. 2 -1
niZ\Si\=O< 0 +i>

2
L; ;, m

so that with probability at least 1 — § Condition 1 holds.
Similar to the previous subsection we obtain the following results.

COROLLARY 5 Let Assumptions 1, 3 be satisfied. Then, we can choose the sizes |S;| of sample sets
S; in (7) to be
gp—itl 1 -1
~ £ P .

so that with probability at least 1 — § Stochastic Tensor Method has complexity T = O (81%)

COROLLARY 6 Let Assumptions 1, 3 be satisfied. Then, we can choose the sizes |S;| of sample sets

S; in (7) to be
gp—itl -1
~ [ &% pt1 1 )
ni:’si‘:O<L?_1 +E> ,z=2...n

so that with probability at least 1 — § Accelerated Stochastic Tensor Method has complexity T =
O (ztem) -

Corollaries 5, 6 are the counterpart of Corollaries 3, 4 and shows the analogical result the offline
setting.
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