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Reinforcement Learning Approach to Stochastic
Vehicle Routing Problem with Correlated Demands

ZANGIR IKLASSOV, ' IKBOLJON SOBIROV, ' RUBEN SOLOZABAL, ' AND MARTIN TAKAC !
IMBZUAI, Abu-Dhabi, UAE

ABSTRACT We present a novel end-to-end framework for solving the Vehicle Routing Problem with
stochastic demands (VRPSD) using Reinforcement Learning (RL). Our formulation incorporates
the correlation between stochastic demands through other observable stochastic variables, thereby
offering an experimental demonstration of the theoretical premise that non-i.i.d. stochastic demands
provide opportunities for improved routing solutions. Our approach bridges the gap in the application
of RL to VRPSD and consists of a parameterized stochastic policy optimized using a policy gradient
algorithm to generate a sequence of actions that form the solution. Our model outperforms previous
state-of-the-art metaheuristics and demonstrates robustness to changes in the environment, such as
the supply type, vehicle capacity, correlation, and noise levels of demand. Moreover, the model can
be easily retrained for different VRPSD scenarios by observing the reward signals and following
feasibility constraints, making it highly flexible and scalable. These findings highlight the potential
of RL to enhance the transportation efficiency and mitigate its environmental impact in stochastic

routing problems. Our implementation is available online[f]

ahttps: //github.com/Zangir/SVRP

INDEX TERMS Reinforcement Learning, Stopchastic Optimization, Vehicle Routing Problem

I. INTRODUCTION

Reinforcement Learning (RL) is a subdiscipline of ma-
chine learning that aims to teach algorithms to make
decisions by maximizing a predefined reward signal
through interactions with their environment. RL has
demonstrated remarkable success across a range of
applications, including gaming and robotics [2]. One
of the recent areas of research on RL is its application
to combinatorial optimization problems. These problems
have traditionally been solved using either fast but
locally optimal heuristics or globally optimal but slow
solvers (e.g., Google OR tools). The application of RL
to combinatorial optimization offers a middle ground,
providing a potential balance between computational
efficiency and optimality, while also offering the ability
to learn black-box heuristics without human intervention.
Despite these benefits, the effective use of RL for
combinatorial optimization requires careful design of the
environment and appropriate training settings.

The Vehicle Routing Problem (VRP) is a well-known
example of a combinatorial optimization problem. It is a
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generalization of the classic Traveling Salesman Problem
(TSP) and involves finding the optimal route for a fleet
of vehicles to deliver goods to customers with specified
demands and locations. The objective was to minimize
the total travel cost. The first RL model capable of
solving the VRP was introduced in 2018 [25]. The authors
employed a pointer-network-based architecture to tackle
complex combinatorial challenges.

The Stochastic Vehicle Routing Problem (SVRP) is a
challenging optimization problem with many potential
applications in industry ( [10], [13]). Unlike the determin-
istic VRP, some parameters in the SVRP are uncertain
and can only be realized during the completion of the
vehicle route. This formulation is more representative
of real-world problems encountered in industry ( [10],
). Although classical solutions have been proposed
for the SVRP ( [14], [21], [30]), the potential of Deep
Reinforcement Learning to address this task has not yet
been explored.

The SVRP with correlated stochastic demands is
widely acknowledged as a highly challenging task within
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the VRP research community ( [31]). The solution to this
problem has the potential to yield significant benefits
in terms of cost and carbon emission reduction for
companies involved in logistics and transportation. In
this study, we aim to address the SVRP with correlated
stochastic demands by developing a close-to-real-world
formulation and solving it using an RL model.

Contributions. Our specific contributions to this field
are summarized as follows:

« We propose a novel formulation for the Stochastic
Vehicle Routing Problem with Correlated Demands
(SVRPCD) that incorporates correlations among
demands through observable stochastic variables.
Our study focuses on optimizing a reinforcement
learning model for this variant of VRP. Our pro-
posed method exhibits an average performance
improvement of 3.26% compared to the state-of-
the-art model described in [14]. This advantage
became more pronounced as the size of the problem
increased.

e Our experimental results provide empirical evidence
of the superiority of non-i.i.d. environments, a
concept previously theorized in classical research.
The state-of-the-art baseline model exhibited a 1%
decrease in performance on instances with correlated
demands, and this disparity increased with larger
problem sizes. Conversely, our model demonstrated
an improvement of 2% in instances with correlated
demands, exhibiting consistent results across all
problem sizes.

e Our model can learn the correlation between de-
mands without human intervention, making it read-
ily applicable to other SVRPCD settings. Through
sensitivity experiments, we demonstrate the robust-
ness of the model in response to environmental
changes. This suggests the potential for significant
impacts on transportation costs and environmental
sustainability through additional research in this
area. Further research could expand the scope of
this study to incorporate additional sources of
stochasticity, such as stochastic travel time and
stochastic customers.

The subsequent sections of this paper are organised as
follows. In Section [[I} we present an overview of the clas-
sical research avenues focused on addressing the SVRP,
along with the state-of-the-art metaheuristic approach
and previous endeavors to employ ML techniques for
SVRP. Section [[T]] encompasses the classical problem
formulation and provides definitions of the baseline
models used in this study. Section [[V] elaborates on our
problem formulation, encompassing the routing policy
employed to train the RL agent, as well as the sensitive
factors that influence the proposed model. Subsequently,
in Section [V] we provide a detailed description of the
architecture employed. The experimental evaluation and
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assessment of robustness against sensitive factors are
conducted in Section [VI] Lastly, Section [VII| offers the
concluding remarks for this study.

Il. RELATED WORK

Several studies have applied RL techniques to address
combinatorial optimization problems. For example, |7]
were pioneers in utilizing RL to solve Traveling Salesman
(TSP) and Knapsack problems. They reported better
performance compared to heuristics, achieving results
that were close to globally optimal solutions. |28] applied
a Q-learning approach to solve a Beer Game problem.
Their model can also be extended to address decentralized
multi-agent combinatorial problems. Furthermore, |36]
demonstrated that RL techniques can find optimal
solutions for simple combinatorial problems such as
Knapsack, Secretary, and AdWords problems. These
studies highlight the potential of RL for combinatorial
optimization.

Recent advancements in deterministic VRP have
leveraged RL techniques. The first RL-based method
for solving the VRP was introduced in |25]. [24] proposed
an RL agent as a metaheuristic algorithm that guides
a set of simple rules in the search for VRP solutions.
This model demonstrated the lowest travel cost for VRP
instances with 50-100 customers. However, the method
requires domain expertise from a researcher to construct
a set of feasible heuristics. To address this limitation, [38]
developed an end-to-end RL-based solver, which achieved
state-of-the-art results for large-scale VRP instances with
500, 1000, and 2000 customers. |1] presented a compre-
hensive analysis of the synergistic integration of classical
VRP heuristics and contemporary ML methodologies.
|18] introduced a novel hyperheuristic scheme called
Bandit VNS. This scheme leverages the General Variable
Neighborhood Search (VNS) metaheuristic to address
deterministic VRP. Through experimental evaluations,
the authors demonstrated that the Bandit VNS approach
outperforms previous heuristics and RL methods in terms
of solution quality. Specifically, for instances involving
32 to 120 customers and 5 to 25 vehicles, the proposed
approach achieved a remarkable improvement of over
25%.

Despite extensive research on deterministic VRP
utilizing RL algorithms, the application of Machine
Learning (ML) algorithms to VRPSD remains limited.
As discussed in [35], a significant body of literature
exists only on classical algorithms for VRPSD, which are
typically categorized into three main types:

1) Branch-and-Bound algorithms: Branch-and-Cut
[12], Branch-and-Price [9], and Integer L-shaped
[21].

2) Heuristics: LKH3 [15] and Clarke-Wright [30]

3) Metaheuristics: Tabu Search [22] and Ant-Colony
Optimization [14]
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Among Branch-and-Bound algorithms, Integer L-shaped
[21] has demonstrated superior performance in solving
VRPSD. The algorithm replaces the cost with variable
0, which is used to compute a lower bound through the
application of the branch-and-bound algorithm. However,
the computational time of the Integer L-shaped algorithm
exhibits an exponential dependence on the number of
vehicles, limiting its practical application in industry
contexts. The literature on VRP has seen extensive
research on the use of heuristics algorithms, with LKH3
showing superior performance for deterministic problems
([15]), but giving unstable results for SVRP. By contrast,
the Clarke-Wright algorithm [30] is a simple heuristic that
has shown stable performance for both deterministic and
stochastic problems. Its longevity and consistency in the
field have made the Clarke-Wright algorithm a frequently
used reference point for comparative purposes in SVRP
literature. The application of metaheuristic algorithms
has been prevalent in industry for the solution of VRP
with stochastic demands with Ant-Colony Optimization
(ACO), demonstrating state-of-the-art performance [14].

A separate subfield of literature on VRPSD involves
instances with correlated demands. To ensure the efficacy
of classical methods for VRPSD instances with non-i.i.d.
demands, it is crucial to consider demand correlation in
the design of the algorithm. For instance, the pheromone
update formula in ACO should be adjusted to reflect the
correlation between demands ( [31]). Similarly, Branch-
and-Bound algorithms must be modified to address this
correlation [§]. In general, classical algorithms have been
shown to exhibit inferior performance on this type of
problem because of the assumption of i.i.d. demands in
their design.

Theoretically, instances of the Vehicle Routing Prob-
lem (VRP) with correlated stochastic demands have the
potential to reduce travel costs compared to uncorrelated
instances. This is because the model can exploit the
correlation to improve demand estimation, and as a
result, implement a more effective routing policy. This
theoretical advantage has been previously established in
[8], and its practical application was demonstrated in [31].
However, their approach required manual intervention
to provide information about the demand probability
density functions to the model, which limits its general-
izability.

In recent years, a limited number of studies have
applied ML algorithms to SVRP. In [32], a policy-based
model was proposed to address the SVRP with stochastic
demands, where the authors trained a simple linear
model and achieved improved performance compared to
heuristic methods. In [26], the authors utilized decision
trees to solve the SVRP, whereas [27] employed an
evolutionary algorithm based on a radial basis network.
Furthermore, [16], [5] used deep reinforcement learning
to address SVRP with stochastic customers. Additionally,
[29] introduced a pioneering study utilizing RL to address

VOLUME 10, 2022

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4

Dynamic Uncertain VRP, where the demand is stochastic.
However, in their context, the demand is uncorrelated,
and its value is always known to the agent, albeit it can
vary randomly during the routing procedure. In contrast,
our study addresses a scenario with correlated demands
that remain a priori unknown to the agents.

SVRP can find applications in various research do-
mains, including the Internet of Vehicles (IOV), which
integrates vehicles with the Internet of Things net-
work and Smart City solutions. |3| presents a new
IOV architecture that utilizes RL techniques based
on vehicle2vec embeddings. The experimental results
demonstrate that this architecture significantly reduces
delivery delay by more than 20% when compared to
state-of-the-art baselines. [4] proposes a T-Coin based
IOV system that incentivizes vehicles to follow routes
that alleviate traffic congestion. The method is evaluated
on a simulated traffic scenario using a real map of Beijing
city, and the results reveal a reduction in average travel
time compared to the baselines. These research works
illustrate the potential of employing VRP (especially
SVRP) solutions in modern IOV and Smart City systems,
offering promising avenues for addressing transportation
challenges and improving overall efficiency.

1Il. BACKGROUND
The Vehicle Routing Problem (VRP) is an NP-hard com-
binatorial optimization problem. This involves optimizing
the routes of vehicles to deliver goods from a depot node
to customer nodes with known locations and demands.
The objective of the VRP is to minimize the total travel
cost of all vehicles used to meet customer demands. Over
the years, VRP has been extensively studied and various
methods and heuristics have been proposed to solve it
|20]. The original VRP formulation was first introduced
in [11].
The Stochastic Vehicle Routing Problem (SVRP) is
a challenging optimization problem that is of increasing
interest in the research community owing to its greater
applicability to real-world industrial problems. Unlike
its deterministic counterpart, the SVRP parameters are
uncertain in advance and can only be realized during
the completion of the route. This makes the SVRP a
more representative model of real-world routing scenarios
and has led to a growing body of research dedicated to
solving it [10], [13]. According to |35|, there are three
main sources of stochasticity in the SVRP:
1) stochastic demands (VRPSD) - the demand of
customers is uncertain,
2) stochastic customers (VRPSC) - the presence or
absence of certain customers can be uncertain,
3) stochastic travel times (VRPSTT) - the costs
associated with traversing routes are uncertain.
[23] demonstrated that deterministic formulation cannot
provide an optimal solution to the SVRP. |21] presented
the formulation of the VRPSD, providing a mathematical
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representation that considers the inherent uncertainties
in the problem.

A. CLASSICAL PROBLEM FORMULATION

Notations:

N : set of nodes (customers and depot)

C : set of customers

cij : cost of travel from node i to node j

& : stochastic demand variable of customer i

pis © st realization of the demand of customer i

K : total number of vehicles

Q : maximum capacity of each vehicle

xjj @ 1 if arc (1,j) is used in the route, 0 otherwise.
VRPSD is formulated on a complete, undirected graph

G = (N, X). The set of nodes N=0,1,...,n includes a

depot node (denoted by node 0) and customer nodes. The

depot node serves as the base for a fleet of K vehicles with

an initial capacity of Q. Each customer node i € C = N\0

has a stochastic demand variable &, with its s*? realiza-

tion denoted as pjs. Set of arcs X = (1,j) : 1,j € N,i < j

represents the connections between nodes, with the cost

of traversing arc (i,j) € X in a route denoted by c;j. The

variable xjj represents the action of an agent, where xj;

is 1 if arc (i,]) is used in the route, and 0 otherwise.
The solution to the problem comprises a set of routes

assigned to each of the K vehicles, where each route is

a sequence of nodes that start and end at the depot

node (node 0). Upon visiting a customer node, the

corresponding goods are supplied, thereby reducing the

customer’s demand to zero and decreasing the vehicle’s

capacity by the magnitude of the customer’s demand.
The objective of the problem is to

i jectiXiy + Z(x),
Z;l:lXOj =2[K], 2
Ei<kxik + Zj>kxkj =2 VkeN, (3

(1)
(2)
(3)
dijecXii < CI = i ElG]/Q) (4)
(5)
(6)
(7)

minimize

subject to

OSXijgl Vi,jeC, 5
O§X0j§2 VjeN,
vi,j € N.

(=)

7

x = (xyj) integer

The objective is to minimize the total travel cost ,
which is represented as the sum of the costs of each arc
in the route. The constraints ensure that each vehicle’s
path begins and ends at depot , each customer is
visited only once , the vehicle’s maximum capacity
is sufficient for the expected total demand (4), and
decision variable x;; is an integer for every arc, (@,
. These constraints ensure that the solution is feasible

and adheres to the underlying constraints of the problem.

Objective function includes a term referred to as
the recourse cost Z(x). This term accounts for the cost
associated with failure situations, where a vehicle may
arrive at a customer node with insufficient capacity to
fulfill demand. In such a scenario, the vehicle must return
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to the depot to refill its capacity and then return to the
failed customer, incurring an additional cost that can be
mathematically expressed as:

R =T A, |
F(x) = 2575 L3I P(IT06 <1Q < Y0 _o&)cy;

The total recourse cost is equal to the sum of the recourse
costs for each vehicle. The mathematical representation
of the recourse cost of vehicle k is given as Z*(x). It
calculates the likelihood of the I* failure scenario for the
j*" customer along the route.

B. BASELINES

The Clarke-Wright (CW) heuristic [30] is a well-known
algorithm in the literature for VRPSD. This method is
based on the concept of savings, which is a measure of
the reduction in the total travel cost that results from
merging two customer nodes into a single route. The
saving value between customers i and j is calculated as

savingi; = co; + Cjo — Cij,

where cg; is the traveling cost between the depot and
customer j, the same for customer i, and cjj is the traveling
cost between customer i and customer j. The savings
values between all customer pairs are collected in a
savings list and sorted in decreasing order. The route
merging procedure begins by selecting the largest savings
value from the top of the savings list. If the expected
demand E[¢;] + E[¢;] of combining customers i and j into
the same route does not exceed vehicle capacity Q, then
both customers are combined into the same route. The
route merging procedure is repeated until no feasible
mergings are possible in the savings list.

Tabu Search (TS) is a metaheuristic optimization al-
gorithm that has been widely utilized for solving VRPSD.
The algorithm begins with a randomly generated feasible
solution and evaluates the total travel cost. Subsequently,
over a defined number of iterations krabu,max a set of
candidate solutions is generated by applying a set of pre-
defined neighborhood heuristic operations to the current
solution. Finally, the algorithm returns the best solution
among all visited feasible solutions.

|22] shows that a specific set of four heuristics (spe-
cific neighborhood, 2-opt, swap-operation, reallocate-
Operation) demonstrates superior performance on
VRPSD compared to other sets of heuristics that have
been previously considered in the literature.

Ant Colony Optimization (ACO) is a well-established
metaheuristic. It operates by simulating the behavior
of ants in the search for food sources. The algorithm
models the ants as solution agents that traverse the
solution space by exploring and exploiting feasible routes.
When a route is feasible, the corresponding solution agent
lays a pheromone on the arcs that form the route. The
concentration of pheromones in an arc is proportional
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to the quality of the arc as a candidate solution, with
higher pheromone concentrations leading to an increased
likelihood of being followed by subsequent agents. Over
time, the pheromone evaporates, simulating the natural
behavior of ants. The search for new solutions continues
as ants probabilistically select the arcs to follow.

The evaporation of pheromones helps avoid trapping
the solution in the local optima. In a study by [14],
the superiority of the ACO algorithm for VRPSD was
demonstrated in comparison to other methods. The
transition from the current location (i) to the next
location (j) for an ant is governed by the following state
transition formula,

j = argmaxge,, {rjnjj} -
ACO algorithm is sensitive to its parameters: the
pheromone trail 7; on the edge (i,j), the handcrafted
heuristic 7;; that provides additional evaluation of the
edge, the parameters a and b that control the relative

importance of pheromone and heuristic, and the number
of ants k utilized in the optimization process.

IV. METHOD

A. PROBLEM FORMULATION

Our formulation minimizes total travel cost over the set
of demand realizations as follows

minimize ﬁZseS(Zi,jecCiniJ + 23 i ccticoi),

s.t. Vi,j € N the rj,x;; are integers. Here r; represents
the recourse action of going to the depot, refilling, and
returning to the i" customer. The constraint implies
that the recourse action must be an integer value. This
formulation allows for the representation of complex
VRPSD in a deterministic manner as a combination of
scenarios, where each scenario s is characterized by the
realization of the demand of each customer, p;s. The
set of scenarios S with demand realizations p;s can be
used for training purposes by any RL algorithm. This
approach explicitly optimizes the recourse action, making
the formulation suitable for solutions using both the
classical and RL models.

Correlated demands. We incorporate new observable
stochastic variables into the problem (weather variables),
which are assumed to affect the stochastic demand of
each customer, creating correlations between them. The
agent could observe weather variables. Knowing their
values, the agent can adjust its demand estimates and
optimize its routing plan to minimize the objective.
This formulation closely resembles industry practice, as
companies can estimate the unknown demand for a given
day by considering various parameters that influence it
(e.g., weather). Each weather variable w; is modeled to
have a uniform distribution w; ~ U(—1;1) to affect the
demand as follows

G=6&+ 22 i ik WiWi + €.
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C12

€01

0 €02 2

FIGURE 1: Correlated demands example. The example
consists of a depot (node 0) and two customers (nodes
1 and 2). Let’s assume that the travel cost from the
depot to each customer is cp; = cg2 = 10, and the
travel cost between customers is c1o = 104/2. Single
vehicle with maximum capacity Q = 50 is utilized. The
demand of each customer can either be 10 or 50. In the
case of uncorrelated demands, the optimal strategy is
0—=1—0— 2 — 0, resulting in a travel cost of 40.
However, if the demands are positively correlated with a
90% chance of having the same value (10, 10) or (50, 50),
the vehicle can directly go to the second customer, if
the demand of the first customer is 10, following the
strategy 0 — 1 — 2 — 0. This results in an expected
travel cost of 38. If the demands are 100% correlated, the
expected travel cost is 37. Utilizing correlations among
the demands can lead to improved performance of the
agent.

We use w; to model the stochastic demand &. The
predicted value of the stochastic variable will be equal
to a constant value &, augmented by the weighted cross
effect of weather variables wj, wi, and perturbed by
random noise ¢; correlated among customers. Weather
variables are shared across customers, leading to corre-
lated demand. Figure [I] illustrates a simple example of
the impact of using correlated demands in the policy on
agent performance.

B. LEARNING THE ROUTING POLICY

State. We define the RL setting as a VRPSD optimization
problem with one vehicle and a given set of inputs at
time t

It = {(valvdlt)’l € N}7

where each state is represented by a set of tuples. The
tuple (w, p;, d') encodes information about the weather,
location of customer i, and demand of customer i at time t.
One can view w as a vector of features that can affect the
demand of customers, p; as a coordinate representation
or one-hot encoding of the position of customer i, and d}
as the current demand estimate of customer i.

Within the context of Reinforcement Learning (RL),
the action corresponds to the movement of a vehicle
towards a specific node. Given the current state at time
t, the agent selects the next node from a set N, and
the vehicle proceeds to that node for the subsequent
iteration at time t+1. Here, the term action is represented
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by a pointer that chooses node i € N (which can be
a customer or a depot) at each time step t using a
policy 7 (i.e., a® ~ 7(-[I*,h')). The policy 7 takes into
consideration the current state I'* and the memory state
h®, which encodes the information of all previous actions
al,...,at”!. By employing this policy m, a probability
distribution over all nodes N is generated, enabling
the agent to determine the node towards which the
vehicle should move. When a specific action is executed,
the vehicle incurs a corresponding cost denoted as Cg
(in real-world scenarios, this cost can represent factors
such as time, distance, or monetary expenses associated
with this movement). In our RL framework, this cost is
considered as the negative reward, implying that a lower
cost corresponds to a higher reward for the agent.
Transition. We update the representation of the state
after each action a' is taken I'**1 ~ f(-|I*, at), where the
weather variables and customer locations are assumed
to remain unchanged. Consequently, the formula for
updating the customer demand df and vehicle capacity
q® provides a definition of the state transition function:

it = max {0,d} —q'}, (8)
dffl =df, for k #i,and q'7! = max {O,qt — df} .

Objective. We quantify the cost at a given time step t
after taking action at, which entails moving from node
i to node j, as Cy(I*,a") = ¢;;. In the event of capacity
exhaustion, the naive recourse strategy is employed, in
which the vehicle returns directly to the depot to refill
its capacity, incurring an additional cost Cy(I*,a') =
cij + 2cpj. The policy is learned by utilizing the Reinforce
algorithm [39] with the aim of minimizing the cumulative
expected cost

J™(0) = B[, C° (I, a%)],

where 6 represents the parameters of policy 7 and the
cost of the policy is accumulated over the course of a
finite horizon T, where T is defined as the point in time
when all customer nodes have been visited. According
to the Policy Gradient Theorem [34], the gradient of the
objective function can be approximated as

VoT"(6) & 30 e ((TO(I', ) = by (I, 1))

-V IOg W@(atuta ht))v
where b is an instance from a batch of size B; by (s, x) is
the baseline, the estimate of the value function, and TC,
is the actual cumulative cost TC(If,ht) = S Cy(I*, a®).
The baseline is computed using a critic network to speed
up convergence. The critic is trained by updating the
parameters ¢ to minimize

L(¢) = 301 Xim |bs (I, bf) — TC(TY, )|

C. SENSITIVE FACTORS
The proposed method comprises several critical compo-
nents that require careful consideration when assessing

6
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its robustness. First, the method’s performance may be
contingent on the choice of inference strategies used
to determine the action a' at each state. Second, the
stochastic demand in the proposed method comprises
three terms: a constant term, weather-related term, and
noise. The absolute magnitude of each term can affect
the performance of the method. Third, the maximum ca-
pacity of the vehicle may have a significant impact on the
occurrence of failed situations. Fourthly, the stochastic
demand can be estimated using various methods. Finally,
in industry applications of the VRPSD, two additional
factors can also be of critical importance: the agent may
have access to the customer demand once he reaches its
node, and the positions of the customers can be fixed.

1) Inference Strategies

Utilization of the greedy inference approach, where
actions are selected based on the maximum probability
a® = arg max[m(-|I*, h*)], has been shown to produce sub-
optimal results [6], [19]. Therefore, this study evaluates

two alternative inference strategies to address this issue.

The Sampling approach entails repeating the inference
process several times by sampling from the policy
distribution, with the aim of generating multiple routing
solutions. The number of samples drawn is represented
by the variable ns. The Beam Search strategy [17], [37]
involves exploring a set of ny, candidate actions at each
time step of the inference process. Subsequently, each
candidate solution is expanded with a new set of actions,
from which the beam search selects only the ny, candidates
with the highest likelihood.

2) Demand Terms Effect

To conduct a comprehensive analysis of the impact of
each component of the stochastic demand formulation,
we defined three term-effect variables:

E[(Z; 2y cirewwi)?]

B =

Ti = & + E[(X; 2 cupwjwi)?] + E [¢7],

where A;, B, T'; represent the effects of the constant,
weather-related, and noise terms on the observed demand
realization. These values are expressed on a normalized
scale [0, 1] and are required to sum up to 1. Utilizing these
variables can facilitate a more in-depth examination of
the effect of the stochastic components of demand on the
performance of the model.

3) Filling Rate
We define the filling rate ® = L, as the ratio of the
¢ ]

maximum vehicle capacity to the slum of the expected
demands of all customers. A higher value of ® indicates
a lower likelihood of failure demands, and thus reduces
the need for recourse actions.
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4) A Priori vs Reoptimization Routing

The term a priori route refers to a route solution that is
generated prior to revealing the actual customer demands.
This solution is based on assumed demand estimates &17
which model uses as an input demand, d; = &i,Vi e N.
The current vehicle capacity q' is calculated with the
given demand estimates. After a priori route is fully
constructed the travel cost is calculated using the actual
demand realizations.

The a priori approach is differentiated from the reopti-
mization approach, which involves updating the solution
after the current demand realization of each customer
has been revealed, d! = p;s. In the reoptimization
approach, an initial demand estimate cii, is utilized for
each customer i prior to the knowledge of its actual
demand realization. Once the agent reaches customer i for
the first time, the initial demand estimate is updated with
the actual demand realization and utilized in subsequent
optimization steps.

5) Demand Estimates

We introduce two methods for estimating the customer
demand. The first method assumes that the unknown
demand realization is equal to its constant component,
d; = &,Vi € N. The second approach for estimating
demand involves utilizing information related to weather
variables. This necessitates the existence of a weather
history, which serves as a repository for tuples of the form
(WX, pi, pik ), representing the k-th realization of weather
and demand variables for customer i with position p;.
Given the actual weather value w, the Euclidean distance
is calculated to identify a set of K nearest neighbors,
N(w), in the weather history. The demand estimate is
then derived from the normalized demands of the K
nearest neighbors as follows:

7 K K
di = (EwkeN(w)mmk)/(zwkeN(w)m>~ (9)

6) Fixed vs Flexible Customer Position

We consider two approaches to customer positioning. The
first approach is a flexible position, in which customers
may have different positions on the map for each new
problem instance. In this case, the (z,1) coordinates on
the map of each customer are used as static inputs to
the model, s; = (z;,1;). Another approach is to maintain
fixed customer positions. This scenario is common in
real-world applications, where the locations of customers
often remain constant. In this case, because the (z;, ;)
coordinates are the same during training and inference,
the customer location can be encoded using a one-hot
vector s; = (0,0, ...,1,...,0).

7) Supply Type
Another factor that may affect the performance of the
model is supply type. One possible approach is partial
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FIGURE 2: Network architecture. The bottom part

depicts the input of the model that consists of three
components: weather information w, the location pj,
and the dynamic demand d! of each customer i. The
model generates State Embeddings for each customer and
encodes the vehicle’s current position (p') and capacity
(q*) as the Memory Embedding (h'). The embeddings
are then combined through an Attention Layer to obtain
probabilities over the nodes, representing the likelihood
of each node being the next position of the vehicle.

supply, where the demand of customer i can be met with
any quantity of the current vehicle capacity q'. In this
scenario, the demand-state transition function remains
the same . The second approach is full supply only,
where the demand of customer i can be fulfilled only
completely if there is a sufficient quantity of current
vehicle capacity q°. In this case, the state transition
function of the demand of customer i upon the vehicle’s
visit to the customer’s node will be defined as d** = 0,
if ¢ > d! and d'*' = d! otherwise.

V. ARCHITECTURE DETAILS

Embeddings. The architecture of the model is illustrated
in Figure 2] It consists of three main components: finding
state embeddings given the input data, encoding the
sequence of visited nodes into a memory embedding,
and decoding concatenated embeddings into action
probabilities using the attention layer. The input to
the model is a set of tuples (w,p;,d!) for each node i.
The state embeddings are obtained by applying a convo-
lution layer, resulting in a D-dimensional representation
pf = (Wvﬁhdf)

Encoding. The encoding of the sequence of visited
nodes is accomplished using LSTM cell. This cell pro-
duces a memory embedding h* € RP, given the vehicle’s
current position p® and capacity q'. To combine the
information from the different embeddings, we utilize an
attention mechanism that computes an attention score
et = ef(pf, ht) and a context vector ¢t = S efpt.
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Decoding. The conditional probabilities are computed
by combining context vector ¢! and state embeddings as

uf = W, tanh (Wy,[pf;c']), P(p*™!|-) = softmax(uf),

1
where W, and Wy, are the trainable parameters. The
softmax function is applied to the values u} to obtain
a vector of probabilities P(p**!|-) representing the
likelihood of each node being the next in the route. These
probabilities can then be utilized in the inference strategy
to produce the routing solution.

VI. EXPERIMENTATION

A. DATA GENERATION

Positions. In this study, we evaluated the performance of
model for five different problem sizes, with 10, 20, 50, and
100 customers. The problem instances were generated
by randomly selecting the coordinates (z;,];) of each
customer within the unit square [0, 1] x [0,1]. The depot
was located at the center of this square with coordinates
(Z()7 1()) = (057 05)

Demand. Three weather variables are considered in
this study: temperature, humidity, and wind speed. These
variables were generated using a uniform distribution in
the interval [—1, 1]. The constant part of the demand & is
generated using a uniform distribution over the interval
[1,10], while the noise part e follows a multivariate
normal distribution A'(0, X), where variance o2 is chosen
based on a given noise term effect value I'; and a
randomly created non-zero covariance matrix . By
default, the values of A;, B;, and I'; are set to 0.6, 0.2,
and 0.2 respectively. Then, the values oyjx are randomly
generated to satisfy the given By, &, and wj, Wi values.
Finally, the capacity Q was determined based on the
filling rate ®.

Datasets. To obtain the weather dataset, a set of 10,000
realizations of (w, pi, is) was generated using the above
(positions and demand) generation process. During the
model training phase, random values (w, ps, ps) is created
for every training iteration. In addition, a validation
dataset consisting of 1,000 instances was created for each
problem size and saved for ACO parameter search. A
similar process was used to create a test dataset for model
comparison.

B. MASKING
A masking procedure was implemented to generate
feasible solutions. This procedure involves setting the log-
probabilities of infeasible solutions to —oco. The masking
we used included the following:
« preventing already visited nodes to be visited again
o preventing all customer nodes to be visited if the
vehicle’s estimated capacity is 0
o preventing customers whose estimated demand ex-
ceed the estimated vehicle capacity
This masking procedure ensures that when the vehicle
visits a customer, it must satisfy all customer demands.

8
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C. IMPLEMENTATION DETAILS

Parameters. To obtain the state embedding, we employed
a 1-dimensional convolutional layer with D filters and |p}|
channels. To obtain the memory embedding, we utilized
single-layer LSTM with a state size D. The outputs of
the layer computing P(p**!|-) are followed by a critic
network, consisting of two fully-connected layers with D
and one neurons respectively. The activation function
utilized in all the layers is the Rectified Linear Unit
(ReLU). The default dimensionality of the embeddings
was set to D = 128.

Training. The variables in the neural network archi-
tecture were initialized using the Xavier initialization
method. During training, the Adam optimizer was used
with a learning rate of 10™* and a batch size of B = 128.
To reduce overfitting, a dropout with a probability of 0.1
was employed during training. The model was trained
on a GPU system consisting of an NVIDIA A100 SXM
40GB GPU and 2x AMD EPYC 7742 CPUs (8 cores)
with 256GB RAM for 10,000 iterations on each problem

size.

D. RESULTS

a: Baselines.

For the CW heuristic, implementation proposed in
|30] was employed. For the Tabu search, we used [22]
algorithm, with a set of four heuristics mentioned in
the paper and a maximum of 2000 iterations. The
ACO algorithm implementation [14] is sensitive to
its parameter values, and thus, a random grid search
was performed over discrete parameter space, with the
pheromone importance (a) in the range [1, 10], heuristic
importance (b) in the range [1, 10|, and the number of
ants (c) in the range [5, 30]. The performances of 15
randomly generated parameter tuples were evaluated
using a validation dataset. Table [1| presents the results
for five parameter tuples, with the best result achieved
by a,b, and ¢ equal to 3,10, and 12 respectively. For
the heuristic evaluation, the reverse distance measure,
iy = d%j, was employed.

Table [2] presents a comparison of the average travel
cost results on the test data for the baselines and RL
models. The baselines consist of Tabu search, CW, and
the best-performing model of ACO, as listed in Table
According to classical research findings ( [14]), the ACO
model consistently exhibits the lowest travel cost across
all problem sizes among the baselines.

For the RL model, an a priori routing approach was
employed with the demand values estimated using the k-
NN algorithm (k = 5). This configuration provides a fair
comparison with the baselines, as their routing solutions
are determined in an a priori manner and they use the
same demand estimates. During inference, a beam search
strategy with a beam width (n, = 3) was utilized. The
RL model exhibits improved performance compared to
ACO, resulting in a decrease in the travel cost by 1.26%,
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TABLE 1: Results of ACO algorithm with varying
parameter values on SVRP validation data. The rows
represent values for the parameters controlling the
pheromone importance (a), heuristic importance (b), and
number of ants (k). The columns indicate the number
of customers. Results are reported as the average travel
cost over the validation data, with lower values indicating
better performance.

ACO parameters 10 20 50 100

3/4/20 3.24 7.21 14.11 31.26

6/8 /24 3.21 7.05 14.02 31.13

8/2/5 3.23 7.1 1419 31.25

4/9/15 3.18 6.79 14.03 31.14

3710/ 12 317 654 13.92 30.89
TABLE 2: Results of Baseline and the RL models

on SVRP test data. The rows depict three VRPSD
heuristic/metaheuristics and RL model that employs
a beam search inference strategy.

Baselines/Instances 10 20 50 100
Clarke-Wright 331 7.31 14.54 32.59
Tabu Search 3.25 7.25 14.23 31.64
Ant-Colony Opimization 3.17 6.54 13.92  30.89
RL-beam search 3.13 6.39 13.33 29.27

2.29%, 4.24%, and 5.24% for 10, 20, 50, and 100 customers
respectively. On an average, the observed improvement
was 3.26%. It is worth mentioning that a larger size of

the problem constitutes a larger % gap between the RL
and ACO models.

b: Sensitive Factors.

The following experiments were conducted to assess the
sensitivity of the proposed model to various factors. The
default model utilized RL with a beam-search inference
strategy (np = 3), k-NN demand estimates, fixed cus-
tomer positions, partial supply, demand term proportions
set to A,B,T" = 0.6,0.2,0.2, and filling rate ® = 0.5. We
started experiments with a single-vehicle scenario to
evaluate the model’s performance and its dependence
on sensitive factors. In each experiment, a single factor
was changed and evaluated across the four problem sizes,
and the results for both the a priori and reoptimization
approaches are reported. Although the reoptimization
approach consistently produced superior results, the a
priori approach is still relevant in industrial applications
and may be effective in certain real-world scenarios; thus,
both approaches are important to consider.

The performance of greedy, sampling, and beam-search
inference strategies were evaluated. The results (Table |3)
indicate that beam-search exhibits superior performance
across all four problem sizes using both a priori and
reoptimization approaches. Sampling strategy with ng =
16 was found to be superior to greedy search.

Experiments evaluating the demand estimates were
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TABLE 3: Results of different Inference strategies on
SVRP test data. The rows depict three different inference
strategies. The columns indicate number of customers.
Results are reported for a priori (Apr.) and reoptimiza-
tion (Reopt.) settings.

10 20 50 100
Inference strategies Apr. Reopt. Apr. Reopt. Apr. Reopt. Apr. Reopt.
RL-greedy 360 349 7.35 713 1533 1487 33.66 32.65
RL-sampling 332 322 678 657 1413 1371 3103  30.10
RL-beam-search 313 304 639 620 1333 1293 2927 28.39

TABLE 4: Results of two types of demand estimates
on SVRP test data. The rows depict demand estimate

types.

10 20 50 100
Demand Estimate Apr.  Reopt. Apr. Reopt. Apr. Reopt. Apr. Reopt.
Constant demand estimate  3.38 3.28 6.90 6.70 14.40 13.96 31.61 30.67
kNN demand estimate 3.13 3.04 6.39 6.20 13.33 12.93 29.27 28.39

performed, and the results indicate superior performance
of the k-NN estimate, as shown in Table[d] The results of
the experiments investigating the impact of customer
positions on performance are presented in Table [5
The results indicate the superior performance of fixed
customer positions in the test data.

Four sets of values were utilized in the experiments
on different demand term effects (Table [6)). The results
indicate that constant and weather terms have a positive
impact on performance, whereas noise has a negative
effect.

The Figure 3] illustrates the percentage gap in travel
costs between the correlated and uncorrelated demands.
For the purpose of these experiments, correlated de-
mands were generated using the values A,B, I’ =
0.8,0.2,0.0, while uncorrelated demands were generated
using A, B,T' = 0.8,0.0,0.2. The results reveal that the
RL model with the reoptimization approach yields a
2.2% improvement in performance when dealing with
correlated demands, and this difference is consistent
across all problem sizes. The RL with an a priori approach

RL_reopt 4 RL_apriori 4 ACO @ Tabu @ CW

< ¢ ¢ ¢
5 *

S .

go——¢ ¢ ¢

.
5 ¢ I ¢

g 2

b= ) ¢
5 +
o

10 20 50 100
Problem Size

FIGURE 3: Avg. travel cost gap (in percent) of setting
with correlated demands (A/B/T" = 0.8/0.2/0.0) to set-
ting with uncorrelated demands (A/B/T" = 0.8/0.0/0.2)
for Baseline and RL models with higher values indicating
better performance.
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TABLE 5: Results of two types of Customer positions
on SVRP test data. The rows depict customer position

types.

10 20 50 100
Customers Position Apr.  Reopt. Apr. Reopt. Apr. Reopt. Apr. Reopt.
Flexible customer positions ~ 3.51 3.40 7.16 6.95 14.93 14.48 32.78 31.80
Fixed customer positions 3.13 3.04 6.39 6.20 13.33 12.93 29.27 28.39

TABLE 6: Results of different proportions of demand
terms on SVRP test data. The rows depict proportional
effect of demand terms.

10 20 50 100

A/B/T Apr.

08/0.0/02 3.02 2.95 6.15 6.02 12.88 12.54 28.26 27.54

. 2.97 2.88 6.07 5.89 12.66 12.28 27.81 26.97
3.13 3.04 6.39 6.20 13.33 12.93 29.27 28.39
3.38 3.28 6.90 6.70 14.40 13.96 31.61 30.67

Reopt. Apr. Reopt. Apr. Reopt. Apr. Reopt.

provides a stable, albeit lower, improvement on average.

On the other hand, the baseline models display a negative
gap, indicating that they do not capture the correlations
between demands, and this negative gap becomes more
pronounced with larger problem sizes.

The experiments on signal ratio employed the values of
® equal t0 0.1,0.5,and 0.9. The results presented in Table
[7 indicate that ® has a positive impact on performance
of the model, where higher ® values result in increased
vehicle capacity and fewer recourse actions. Importantly,
even with a relatively small value of ® = 0.1, the model
is still able to produce comparably good performance,
despite the need for an average of ten recourse actions.

Experiments evaluating the influence of supply type
on performance were conducted, and the results are
presented in Table [§] The data indicate that partial
supply conditions result in the superior performance on
the test data.

E. MULTI-VEHICLE SCENARIO
To scale our approach to a multi-vehicle scenario, we
augmented the input layer of the actor network with qf
and pf. for all vehicles k € K and predicted pffl for each
vehicle. This enabled us to find the next position of each
vehicle based on its current position and capacity with
minimal modifications to the architecture.

We tested the model on varying numbers of vehicles

TABLE 7: Results of different Filling rates on SVRP test
data. The rows depict values of the filling rate.

10 20 50 100
Filling Rate Apr. Reopt. Apr. Reopt. Apr. Reopt.  Apr. Reopt.
0.1 3.51 3.40 7.16 6.95 14.93 1448  32.78  31.80
0.5 3.13 3.04 6.39 6.20 13.33 12,93 2927  28.39
0.9 2.91 2.82 5.95 5.77 1240 12,02 2722 26.41

TABLE 8: Results of two Supply types on SVRP test
data. The rows depict supply types.

10 20 50 100

Supply Type Apr. Reopt.  Apr.
Full supply only  3.47 3.37 7.10 6.88 14.80 14.35 32.49 31.52
Partial supply 3.13 3.04 6.39 6.20 13.33 12.93 29.27 28.39

Reopt. Apr. Reopt. Apr. Reopt.
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TABLE 9: Results of a varying number of vehicles on
SVRP test data. The rows depict number of vehicles.

Number of vehicles 10 20 50 100

1 3.04 6.20 1293 28.39
2 298 6.13 12.74 28.01
3 295 6.06 1259 27.73
5 295 6.01 1242 27.64

TABLE 10: Average solution time (in seconds) using
different baselines over a test set of size 1000.

Baseline 10 20 50 100
Clarke-Wright 0.003 0.013 0.054 0.171
Tabu Search 0.831 2.723 8.123 56.35
Ant-Colony Optimization  1.028  4.095 27.39 120.3
RL-greedy 0.052 0.108 0.159 0.328
RL-sampling 0.059 0.129 0.204 0.385
RL-beam search 0.064 0.141 0.217  0.406

using the RL model with a reoptimization setting. The
results (Table E[) suggest that increasing the number of
vehicles can lead to a decrease in total travel cost, but
its marginal effect diminishes as the number of vehicles
increases. This demonstrates the ability of the model
to obtain better routing strategies when having more
vehicles to operate with.

F. TIME COMPLEXITY
Table [10] displays a comparison of the average run-times
of the algorithms considered. The RL models adopted
an a priori routing approach, with the k-NN algorithm
(k = 5) used for demand estimation. This setup ensures
a fair comparison with the baselines (CW, Tabu, and
ACOQ), as their routing solutions are determined in an a
priori manner, and they use the same demand estimates.
Among the considered algorithms, the CW heuristic
exhibited the shortest average time required to obtain
a solution for a given instance. Although RL requires
more time, all the solutions were found in less than one
second. It is noteworthy that both RL and CW exhibit
linear time complexity, whereas Tabu and ACO display
quadratic complexity.

G. TRAINING CURVES

The training curves of different demand estimates can
be observed in Figure [d where both approaches initially
exhibit similar performance, but after 2000 iterations,

—— Constant

|
« Constant Cans

k-NN
V\
T e IR \M‘v\w«mwwf

o a0 a0 so0 o0 10000 o 200 a0 w0 s00 10000
Traiing Htoraions, Training erations

(a) A priori (b) Reoptimization

FIGURE 4: Average travel cost observed during training
using (a) a priori and (b) reoptimization approaches
of constant and k-NN demand estimates. The k-NN
estimate outperforms the constant in both settings.
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FIGURE 5: Average travel cost observed during training
using (a) a priori and (b) reoptimization approaches for
Flexible and Fixed customer positions. Fixed positions
outperform Flexible positions in both settings.
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FIGURE 6: Average travel cost observed during training
using (a) a priori and (b) reoptimization approaches of
Full and Partial supply types. Partial supply outperforms
Full supply in both settings.

the k-NN estimate consistently demonstrates improved
results. Figure shows the training curves of the
different customer positioning approaches, which depict
the consistently improved performance of fixed customer
positions during the training process. Figure [6] shows the
training curves of different supply types.

VIl. DISCUSSION AND CONCLUSION

In this study, we propose a novel formulation for the
Stochastic Vehicle Routing Problem with Correlated
Demands (SVRPCD) that incorporates the impact of
weather variables on customer demands. This formu-
lation is relevant for practical applications because it
enables companies to consider observed variables, such as
weather, in the planning of vehicle routes. Our proposed
approach utilizes Reinforcement Learning (RL) to learn
the correlation between demands, making it highly
applicable to various SVRPCD scenarios.

We conducted experiments to evaluate the performance
of the RL model compared with the state-of-the-art
model in [14]. Our results demonstrate that the RL
model outperforms the prior approach and confirm
the superiority of non-i.i.d. environments for VRPSD
problems. Furthermore, the model can learn the corre-
lation between demands without human intervention,
which enhances its practicality and versatility. Through
sensitivity experiments, we demonstrate the robustness
of the model in response to environmental changes.

The findings of this study suggest potential for signifi-
cant reductions in transportation costs and improvements
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in environmental sustainability. Future research could
extend the scope of this study to include additional
sources of stochasticity, such as stochastic travel time.
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